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 L.M.Vikhor, P.V.Gorskyi. 

Institute of Thermoelectricity of the NAS and MES  
of Ukraine, 1 Nauky str., Chernivtsi,  

58029, Ukraine 

HEAT AND CHARGE TRANSPORT AT 
“THERMOELECTRIC MATERIAL-METAL” 

BOUNDARY  

A physical model of heat and electric charge transport at pthermoelectric material-metal boundary is 
considered that takes into account phonon reflection at the boundary and the impact of potential 
barrier on charge carrier motion through the boundary. The methods for calculation of the boundary 
thermal and electric resistances and thermopower in conformity with said model are described. The 
values of these resistances and the Seebeck coefficient at the boundary between Bi – Te materials and 
Cu or Ni metals are evaluated and their temperature dependences are determined. It is shown that the 
boundary thermal resistance reaches the value of 10-8K/W⋅m2, the electric resistance is at a level of 
5⋅10-11 Ω⋅m2, and the boundary thermopower due to emission is about 500 µV/K. Caused by the 
above resistances, the thermal and electric losses at thermoelectric material-metal boundary can 
have a considerable impact on the parameters of microminiature power converters.  
Key words: boundary thermal resistance, boundary electric resistance, boundary thermopower. 

Introduction 
Nowadays, widespread application of thermoelectricity is essentially constrained by high 

power conversion unit costs. The main contributor to the cost of thermocouple converters is 
thermoelectric material (TEM). The specific feature of thermoelectric power conversion is 
independence of its maximum efficiency of hermocouple gometry. Therefore, ideally, 
microminiaturization might achieve cost reduction without performance degradation. 

However, a major microminiaturization problem lies in growing impact of thermal and 
electric losses in the zone of contact between semiconductor material of thermocouple legs and 
metal interconnect electrodes. These losses are caused by thermal and electric resistances of 
transient contact layer formed between TEM and metal at interconnection of legs. Under 
conditions of microminiaturization the thickness of contact layer becomes commensurate with 
the leg height, and thermal and electric contact resistances – with the respective leg resistances. 
In so doing, the impact of losses in the contact layer is increased, and the efficiency of 
thermoelectric converter is reduced [1, 2]. 

Modern technologies of creating micromodules by embedding, sputtering or chemical 
deposition of film electrodes with anti-diffusion microlayers on the end surface of leg [3] 
permit to minimize contact layer thickness and obtain virtually “perfect” (without a transient 
layer) TEM – metal boundary. However, a drastic difference in the physical properties of 
semiconductor and metal affects the motion of charge carriers and phonons through TEM –
metal boundary, which defines the thermal and electric resistance and thermopower of such a 
“perfect” boundary [4 – 6]. 
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To determine the values of the boundary resistances and thermopower is a relevant and 
important task in the design of micromodule thermoelectric power converters [6, 7]. 

Therefore, the purpose of this paper is to estimate the values of thermal and electric resistances 
and thermopower, to determine their temperature dependences for the boundaries between 
conventional Bi – Te based thermoelectric materials and metal interconnect electrodes for their 
further use in the design of thermoelectric microconverters of energy. 

Physical model of heat and electric charge transport at TEM-metal boundary 
Fig.1 illustrates a physical model of heat and electric charge transport by phonons and charge 

carriers at TEM-metal boundary.  

 
Fig. 1. Physical model of heat and charge carrier transport at TEM-metal boundary. 

A perfect boundary is characterized by the mismatch of semiconductor and metal physical 
properties, which causes thermal and electric resistance to motion of phonons and charge carriers 
through the boundary.  

Phonon wave carrying thermal flux partially passes through the boundary and partially is 
reflected. Phonon reflection is the reason for phonon component of the boundary thermal resistance 
Rcph [8, 9]. 

Motion of charge carriers through the boundary is prevented by potential barrier formed due to 
the difference in the band structures of semiconductor and metal [5]. This barrier is the reason for 
resistance to heat transport by carriers moving through the boundary, i.e. the electron component of 
thermal resistance Rce.  

Rcph and Rce are the main components of the boundary thermal impedance Rc defined as follows: 

1 1 1

c c ph ceR R R
= + .     (1) 

Charge carrier transport through TEM-metal boundary is accompanied by the origination of 
electrical boundary resistance Re caused by their passing through potential barrier. The value of Re depends 
on the barrier characteristics, i.e. its height U0, width d and shape, as well the mechanism (tunneling or 
emission) of charge carrier passage through the barrier.  

Potential barrier also gives rise to origination of the boundary thermopower which is 
characterized by the boundary coefficient [5] αb. Note that αb is not the difference in the Seebeck 
coefficients of adjacent materials. 
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Calculation of phonon component of the boundary thermal resistance 
Thermoelectric material and metal are essentially different in sound velocities, phonon 

densities of states, the Debye temperatures and frequencies. A mismatch of these properties creates a 
resistance to phonon flux through the boundary. To estimate the value of phonon component of the 
boundary thermal resistance Rcph, two models are employed [10]. The first one is called acoustic 
mismatch model (AMM) [11]. The main approximation of АММ is that the boundary is considered 
to be "absolutely flat" and phonons are reflected from it in a mirror-like fashion, i.e. there is no 
phonon scattering at the boundary. The second, the so-called diffuse mismatch model (DMM) [9, 10] 
takes into account diffuse phonon scattering on the irregularities and defects of the boundary.  

The assumption that phonons are not scattered is valid only on condition of rather low 
temperatures whereby phonon wavelength λ is much in excess of dimension b characterizing the 
roughness of the boundary or its deviation from the ideal flatness. Thus, for the АММ 
model 1λ <<b , and for the DMM model 1λ ≥b  [10].  

The wavelength λ can be approximately estimated by the formula [12] 

D a
T
θ

λ ≈ , (2) 

where θD is the Debye temperature, а is the averaged value of the size of crystal lattice unit cell. 

For thermoelectric materials based on Bi – Te θD ∼ 160 K, а ∼ 20 A
o

[13, 14]. Hence, for 
standard operating temperature ranges of thermoelements Т = 200 ÷ 300 K the acoustic 
wavelength λ = 1 ÷ 2nm. Thus, for the applicability of the АММ model the roughness of the 
boundary should be much lower than 1 – 2nm, which is scarcely probable. Therefore, to estimate 
the phonon component of thermal resistance Rcph of TEM – metal boundary, it is generally 
reasonable to use the DMM model. 

A method of calculation of Rcph in conformity with DMM is detailed in [10]. According to 
the results of this work it can be written: 

c ph
TR
q
Δ

= ,  (3) 

where TEM mT T TΔ = − , ТTEM , Тm are the temperatures of TEM and metal, respectively. Heat flux q 
passing through TEM-metal boundary is related to velocities uj of the j – th mode phonons and 
density-of-states function g(ω) of phonons with frequency ω by the following relationship [10, 6]: 

,
0

1 1( )
4 exp( ) 1 exp( ) 1

TEM j
j

TEM m

q u g d

kT kT

∞
⎡ ⎤
⎢ ⎥
⎢ ⎥= τ ω ω − ω

ω ω⎢ ⎥− −⎢ ⎥⎣ ⎦

∑ ∫
h

h h
,  (4) 

where k is the Boltzmann constant. Phonon transmission coefficient τ is determined as follows: 

2
,

2 2
, ,

m j
j

TEM j m j
j j

u

u u

−

− −τ =
+

∑
∑ ∑

. (5) 
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Formula (5) was obtained in [10] in the approximation of ΔT → 0. In [10] it was shown that 
there are practically no deviations in the values of Rcph determined at different ΔT by formula (3), on 
condition of ΔT < 10 K. Therefore, for calculations, Rcph are restricted by ΔT = 1 K. 

The next approximation is related to determination of phonon velocity in thermoelectric 
material. Due to the absence of information on the velocities of longitudinal and two transverse 
phonon modes in Bi – Te based materials, an assumption is made that these two velocities are equal 
[6], i.e.: 

2
, 2

3
TEM j

j TEM

u
u

− =∑ .  (6) 

In so doing, uTEM is determined by the formula relating phonon velocity to the Debye temperature: 

2 3 1 3(6 )D
TEM

kT u n= π
h

, (7) 

where n is the number of crystal lattice unit cells per unit volume. 
For the calculation of q by formula (4) one can use the experimental density-of-states function 

g(ω), determined for a series of Bi – Te based compounds [15] or take it in the Debye approximation, 
i.e. in the form: 

2

2 3( )
2D

TEM

g
u
ω

ω =
π

. (8) 

Note that in the latter case integration in (4) is done to maximum possible value of phonon 
frequency, i.e. to the Debye frequency D DkTω = h . In [6] it is shown that the values of phonon 
component of resistance at TEM-metal boundary determined with the use of experimental density-of-
states function and the Debye density-of-states function actually coincide.  

Hence, using the ratios (3) – (8), one can determine pretty exactly the value of phonon 
component of TEM-metal boundary thermal resistance. 

The electron component of the boundary thermal resistance, electric resistance and 
thermopower 

As mentioned above, potential barrier accounts for the electron component of the boundary 
thermal resistance Rce and electric boundary resistance Re, as well as the boundary thermopower αb. 
The method for calculation of these boundary impedances is proposed in [4, 5, 16]. It is based on the 
analogy of description of heat and electric charge transport through potential barrier and in the bulk 
of TEM itself. 

Potential barrier at the boundary is considered to be a rectangle of height U0 and width d. 
Charge carriers can overcome it by tunneling or electron emission. Maximum value of barrier width 
d whereby tunneling is possible is set by inequality 

1≤ΛkT , (9) 

where 01 dE UΛ = , 2 22dE md= h , m  is electron mass in TEM. For wider barriers the mechanism 

of emission is involved.  
The ratios for boundary impedances in case of tunnelling were obtained in [4, 5, 16]. The 

electric boundary resistance Re is determined by the formula 
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2

2 3

1
2e

e mP
R

=
π Λh

,  (10) 

where Р is probability of tunneling through the barrier, calculated as follows [17]: 

12 2 2 2 1 2
0 0

0

sin [2 ( ) ]1
4 ( )

U h m U E dP
E U E

−
⎧ ⎫−

= +⎨ ⎬
−⎩ ⎭

h , (11) 

where E is the energy of carriers and E < U0. As a rule, one selects E = U0/2. 
The electron component of thermal boundary resistance Rce is related to the electric resistance Re by 

the Wiedemann-Franz law [16]: 

221
3c e e

T k
R R e

π ⎛ ⎞= ⎜ ⎟
⎝ ⎠

. (12) 

The boundary Seebeck coefficient is equal to: 

2

3b
k kT
e

π⎛ ⎞α = Λ⎜ ⎟
⎝ ⎠

. (13) 

In case of emission, the impedances are determined using expressions [5, 18]. 

0
1 exp( )

e

e AT U kT
R k

= − , (14) 

21 2
c e e

T k
R R e

⎛ ⎞= ⎜ ⎟
⎝ ⎠

, (15) 

0
1 ( 2 )b U kT

eT
α = + , (16) 

where 
2

2 32
emkA =
π h

 is the Richardson constant for TEM. 

In order to determine whether tunneling or emission take place in a specific case, one 
should know barrier characteristics, namely height U0 and width d. In [19], the estimate for 
metal-semiconductor barrier heights U0 ≤ 0.1 eV was obtained. For impedance calculation it is 
reasonable to use maximum value of barrier height U0 = 0.1 eV, as it is accepted in [6]. Barrier 
width is estimated from the formula [17]: 

1 2
0 021

2
Ud

eN
εε⎛ ⎞= ⎜ ⎟

⎝ ⎠
, (17) 

where ε is dielectric permittivity of TEM, ε0 is dielectric constant, N is charge carrier concentration 
in TEM. 
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Thus, the ratios (10) – (17) are used to estimate the values of boundary impedances characterizing 
charge carrier motion through potential barrier. 

Results of calculation of the resistances and thermopower at TEM – metal boundary 
The values of thermal and electric resistances and thermopower were estimated for the 

boundaries between n-type Bi2Te2.7Se0.3 and p-type Bi0.5Sb01.5Te3 conventional thermoelectric 
materials and metal connecting electrodes of Cu or Ni. Parameters of TEM and metals necessary 
for the calculations are listed in Table 1.  

Table 1 
Parameters of TEM and metals 

TEM 
Parameter Bi2Te2.7Se0.3 

n-type 
Bi0.5 Sb01.5Te3 

p-type 
References 

Charge carrier concentration N, m-3 3⋅1025 2⋅1025 [22] 
Charge carrier mass m 
(m0  electron mass) 

1.25m0 0.6m0 [13, 22] 

Parameters of crystal lattice 
hexagonal cell 

a, A
o

 

c, A
o

 

 
 

4.35 
30.2 

 
 

4.3 
30.5 

[14] 
 

Debye temperature TD, K 157 159  
Dielectric permittivity ε, К2/J⋅m 98 62  

Metal 
 

Cu Ni 
 

Phonon velocities 
||κ , m/s 

u⊥ , m/s 

 
4760 
2325 

 
5630 
2960 

[23] 

The Debye temperatures (Table 1) of 0.9Bi2Te3 + 0.1Bi2Se0.3Se3 and 0.25Bi2Te3 + 0.75Sb2Te3 
solid solutions were determined by the formula: 

1 2

1 3

1 2
3 3

D D

D
x xT

T T

−
⎛ ⎞
⎜ ⎟= +
⎜ ⎟
⎝ ⎠

, (18) 

where xi, TDi is molar content and the Debye temperature of solution components (Table 2), 
respectively. 

The dielectric permittivity of solid solutions ε was calculated by the formula: 

2

1

11
2 2

i
i

i i

x
=

ε −ε −
=

ε + ε +∑ ,  (19) 

where εi is the dielectric permittivity of components (Table 2). 
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Table 2 
Parameters of components of Bi – Te based solid solutions 

Параметр Bi2Te3 Sb2Te3 Bi2Se3 Ссылки 
Debye temperature TDi, K 155.5 160 180 [13] 
Dielectric permittivity εi, 
K2/J⋅m 

100 55 80 [6.24] 

Formulae (18) and (19) have been derived on the basis of formula for heat capacity of 
solids at low temperatures and the Clausius-Mossotti formula cited in [20]. 

The calculated properties of TEM necessary for estimation of thermal and electric 
boundary resistances are given in Table 3. 

Table 3 
Calculated TEM properties 

Parameter Bi2Te2.7Se0.3 
n-type 

Bi0.5Sb01.5Te3 
p-type 

Debye frequency ωD, rad/s 2.06⋅1013 2.08⋅1013 
Number of unit cells per unit 
volume n, m-3 

6.1⋅1027 6.14⋅1027 

Phonon velocity uTEM, m/s 2.9⋅103 2.91⋅103 
Phonon transmission coefficient  
τTEM→Cu 

τTEM→Ni 

 
0.537 
0.421 

 
0.539 
0.424 

Potential barrier width  
d, nm  

3.0 2.93 

Λ, J-1 3.39⋅1020 2.29⋅1020 
Λ⋅kT 1.4 0.95 

From the data of Table 3 it follows that tunneling condition (9) for charge carriers is not 
met. Therefore, ultimate impedances were determined for the emission model of potential 
barrier. The results of calculation of phonon and electron components and thermal boundary 
impedance at T = 300K are presented in Table 4. 

Table 4 
Design values of thermal resistance of TEM – metal boundaries at T = 300K 

Boundary n-Bi2Te2.7Se0.3/Cu n-Bi2Te2.7Se0.3/Ni p-Bi0.5Sb01.5Te3/Cu p-Bi0.5Sb01.5Te3/Ni 
Phonon 

component   Rc 

ph, K⋅m2/W 
1.04⋅10-8 1.32⋅10-8 1.01⋅10-8 1.29⋅10-8 

Electron 
component Rc e, 
K⋅m2/W 

0.21⋅10-5 0.21⋅10-5 0.43⋅10-5 0.43⋅10-5 

Thermal 
impedance Rc, 
K⋅m2/W 

1.03⋅10-8 1.31⋅10-8 1.01⋅10-8 1.29⋅10-8 
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The temperature dependences of these resistances are shown in Figs. 2 – 5.  
From the obtained data it follows that electron component which is essentially 

temperature dependent (Fig. 3) has little effect on thermal resistance value. As a result, thermal 
boundary resistance is practically independent of temperature (Fig. 4). The value of thermal 
resistance at TEM – copper boundary reaches the values close to 10-8 K⋅m2/W, and at nickel 
boundary – 1.3⋅10-8 K⋅m2/W. 

The calculated temperature dependences of the electric boundary resistance arising due to charge 
carrier emission are shown in Fig. 5. This resistance does not exceed the value of 5⋅10-11 Ω⋅m2, which is 
an order lower that the resistance of contact layer formed in case of imperfect TEM-metal boundary 
and, as a rule, is about 10-9 ÷ 5⋅10-10 Ω⋅m2 [1, 2, 21].  

 
Fig. 2. Temperature dependences of the phonon 

component of thermal resistance 
 at the boundaries: 1 – p-Bi0.5Sb1.5Te3/Ni, 

 2 – n-Bi2Te2.7Se0.3/Ni,3 – p-Bi0.5Sb1.5Te3/Cu, 
 4 – n-Bi2Te2.7Se0.3/Cu. 

Fig. 3. Temperature dependences of the  
electron component of thermal resistance at  

TEM-metal boundaries: 1 – TEM p-Bi0.5Sb1.5Te3,  
2 – TEM n-Bi2Te2.7Se0.3. 

 

Fig.4. Temperature dependences of the thermal 
resistance at the boundaries:1 – n-Bi2Te2.7Se0.3/Ni,

2 – p-Bi0.5Sb1.5Te3/Ni, 3 – n-Bi2Te2.7Se0.3/Cu, 
 4 – p-Bi0.5Sb1.5Te3/Cu.  

Fig. 5. Temperature dependences of the electric 
resistance at TEM-metal boundaries: 1– p-Bi0.5Sb1.5Te3 

TEM; 2 – n-Bi2Te2.7Se0.3.TEM. 
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Apparently, such value of electric boundary resistance in thermoelements can affect the 
efficiency factors of microminiature modules for coolers and generators. 

Temperature dependence of the boundary Seebeck coefficient bα  is shown in Fig. 6.  

 

Fig.6. Temperature dependence of electron emission thermopower at TEM-metal boundary. 

Note that under conditions of validity of the barrier emission model, the absolute value of the 
Seebeck coefficient for n- or p-type TEM – metal boundaries is the same and reaches the value of 

bα  ≈ 500 µV/K at T = 300 K. In [6] it is shown that for n-type TEM – metal boundaries αb should 

be considered to be positive, and for р-type TEM – metal boundaries – negative. 
By definition, the Seebeck coefficient of thermoelectric leg (Fig. 1) is determined as follows: 

h cT T
Δϕ

α =
−

,  (20) 

where Δϕ is potential difference between the hot and cold sides of the leg taking into account the 
Seebeck effect in material of the leg itself and the thermopower of the boundaries, i.e.: 

( ) ( ) ( )b h TEM h TEM TEM h TEM c b TEM c cT T T T T TΔϕ = α − + α − + α − ,  (21) 

where αTEM is the Seebeck coefficient of TEM. Then, according to (20), we obtain:  

( ) TEM h TEM c
b TEM b

h c

T T
T T
−

α = α + α −α
−

,  (22) 

From (22) it follows that α ≈ αTEM, as long as TTEM h – TTEM c ≈ Th – Tc. Thus, the thermopower of 
TEM-metal boundary has no essential impact on the thermoelement efficiency. 

Conclusions 
1. The methods of calculation of thermal and electric resistances and thermopower arising under heat 

and charge transport through TEM – metal boundary are considered. The values of thermal and 
electric resistances and thermopower at the boundaries between n-type Bi2Te2.7Se0.3 and p-type 
Bi0.5Sb01.5Te3 materials and Cu or Ni metals are evaluated. 

2. It is established that thermal boundary resistance is about 10-8K/W⋅m2 and depends only slightly on 
temperature. 
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3. The electric boundary resistance is due to charge carrier emission through the boundary and its 
values are of the order of 5⋅10-11 Ω⋅m2. 

4. It is shown that the boundary thermopower value due to emission is about 500 µV/K. 
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COEXISTENCE OF IONIC AND COVALENT ATOMIC INTERACTIONS 
(BONDING INHOMOGENEITY) AND THERMOELECTRIC  

PROPERTIES OF INTERMETALLIC CLATHRATES 
 

The influence of atomic interactions on the thermoelectric behavior of the Ba - Ge-based ternary 
clathrate-I phases Ba8TxGe46-x-yϒy (T – main group element or late transition metal) has been 
investigated by means of quantum chemical techniques. The atomic interactions changes with the 
substituting element T were studied in real space by employing the electron localizability 
approach. Essentially two-center bonds in the framework (Ge – Ge and Ge – T) and 
predominantly ionic bonds between the guest and framework atoms were found. However, for 
T = Ag, Cd, Pt and Au, additional two-center Ba - T interactions were discovered. The type-I 
clathrates with such interactions are reported to have very low lattice thermal conductivity, 
revealing an important role of atomic interactions in the limiting of the thermal transport.  
Key words: intermetallic clathrates, chemical bonding, lattice thermal conductivity, QTAIM, 
electron localizability approach 

Introduction 
Inorganic clathrates are an important group of intermetallic cage compounds. After the first 

report on Na – Si based clathrates in 1965 [1], the research activity on inorganic clathrates has steadily 
increased. Although there are a number of different clathrate structure types, the type-I clathrate 
phases have attracted most attention due to their relatively simple preparation and variability of 
chemical composition [2, 3, 4]. In type-I clathrate crystal structure four-coordinated atoms constitute a 
three-dimensional (3D) host framework with large cages that can accommodate guest atoms. Type-I 
clathrates crystallize in a simple cubic lattice and have the ideal composition G8Fw46 with 8 guest (G) 
and 46 framework (Fw) atoms, Pearson symbol cP54. The guest atoms can typically be alkali metals 
(Na, K, Rb, Cs), alkaline earths (Sr, Ba) or Eu. The framework mainly consists of group 14 elements, 
Si, Ge, Sn, and allows substitutions by other main group p elements or by electronegative transition 
metals. This flexibility in framework substitutions (which may be accompanied by inserting two 
elements, G and G', as guest atoms) provides invaluable opportunities to tune various physical 
properties. 

Silicon-based clathrate-I phases drew attention when superconductivity was reported in 
(Na, Ba)xSi46 [5] and Ba8-xSi46 [6] with transition temperatures of 4 and 8 K, respectively. Germanium-
based clathrate-I phases, on the other hand, have been studied mostly for their potential use in 
thermoelectric (TE) applications. In general, all clathrate structures with their 3D framework - guest 
atoms in large cages type of arrangements are promising candidates as thermoelectric materials. This 
can be understood by considering the requirements for efficient TE performance. The thermoelectric 
performance of a material is assessed by a dimensionless figure of merit, ZT = S2 σ T / κ. Here, S is the 
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Seebeck coefficient or thermopower, σ is the electrical conductivity, κ the thermal conductivity and T 
is the absolute temperature. Thermal conductivity has mainly contributions from electrons, κe, and 
from the lattice, κL. The former is directly proportional to the electrical conductivity, as described to a 
good approximation in the low- and high-temperature region through the Wiedemann-Franz law. 
Since both thermopower and electrical conductivity depend on charge carrier concentration, all terms 
in the figure of merit expression but the lattice thermal conductivity are determined largely by the 
charge carrier concentration of the TE material. Hence, increasing ZT to high values can be achieved 
by optimizing the charge carrier concentration. In order to improve the TE performance further, 
however, the lattice thermal conductivity, κL, should be reduced as much as possible. Consequently, 
the challenge in TE materials research can be summarized as finding a material that has good 
electronic but poor thermal transport properties. G. Slack introduced the concept of phonon glass 
electron crystal (PGEC) to describe this challenge [7]. The PGEC concept relies on the approximation 
that electronic and thermal transport properties of a compound can be modified rather independently 
of each other. Such a decoupling may be achieved in cage compounds with separated framework and 
guest substructures, as in clathrates or filled skutterudites, for example [4, 8]. The covalently bonded 
frameworks in the clathrate compounds are very convenient for purposes of optimizing the electronic 
part through substitution, while the guest atoms in the cages can impede the heat transport by giving 
rise to avoided crossings (between the acoustical branches and the guest-atom derived flat optical 
modes), however the actual mechanism is still debated [9, 10, 11, 12], in particular after inelastic 
scattering experiments revealing no evidence for an interpretation in terms of an isolated oscillator and 
showing rather coherent modes of guest and host substructures [10, 13]. 

The type-I clathrates obtained by substitution in the binary Ba8Ge43ϒ3 are among the most 
intensely investigated clathrate phases. ZT values larger than 1.0 were reported at high 
temperatures (≥ 900 K) for Ba8Ga16Ge30 (single crystal) [14] and Ba8Ni0.31Zn0.52Ga13.06Ge32.2 [15], 
while polycrystalline Ba8Au5.3Ge40.7 attains a ZT value of 0.9 at 680 K [16]. So far various ternary 
clathrate-I phases with a general composition Ba8TxGe46-x-yϒy (where ϒ stands for vacancy and T for 
the third element) were studied both experimentally and computationally in order to find compounds 
suitable for further improvement: T = Ni [17, 18, 19], Cu [17, 20, 21, 22], Zn [23, 24, 25, 26, 27], Rh 
[28], Pd [17, 29], Ag [17, 30], Cd [27, 31, 32], Ir [33], Pt [17, 34] and Au [16, 17, 35] as well as Al 
[36] and Ga [37, 38]. The homogeneity ranges vary greatly with the substituting element T, up to 
x ≈ 16 for Ga [37], x ≈ 4.2 for Ni [18] and x ≈ 0.4 for Ir [33]. The binary clathrate-I phase in the Ba – Ge 
system (x = 0) has the composition Ba8Ge43ϒ3 with three framework vacancies [39, 40]. The 
framework vacancies (y ≠ 0) are also observed in ternary phases for small values of x. This large 
variation in chemical composition and the substituting elements give rise to a rich spectrum of 
physical properties. Electrical conductivity can be metallic or semiconducting; transitions from n- to p-
type conduction are reported for the phases with T = Ni [19] and Au [16]; relatively low lattice thermal 
conductivities were observed for T = Cu, Ag, Cd, Pt and Au. Consequently, understanding the nature 
of this observed richness in respect of atomic interactions (chemical bonding) is of current interest. 

The Zintl – Klemm concept is very useful in understanding the general features of the atomic 
interactions in clathrates. According to this concept the electropositive elements occupying the guest 
positions transfer their valence electrons to the framework so that the guest-framework interactions are 
mainly of ionic nature, and in the framework essentially two center-two electron (2c – 2e) covalent 
bonds are formed. In the case of complete electron balance, the number of available electrons 
matching the required number for all 92 (2c – 2e) framework bonds, a semiconducting behavior is 
expected. The case of excess electrons (electron deficiency) leads to n-type (p-type) electrical 
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conductivity. However, the discovery of covalent interactions between the guest atoms and some of 
the substitutions (see, for example, reference [16] for Ba ← Au dative bonds) clearly indicates that 
quantum mechanics-based analytic tools are needed for a deeper understanding. 

The atomic interactions in crystalline solids are usually studied by using quantities expressed in 
the reciprocal space, such as electron energy dispersions (bands and/or fat bands) and the electronic 
density of states (DOS). Recently this type of analysis is augmented by a real or direct space analysis, 
as well [41]. The electron localizability approach allows study of chemical bonding in real space using 
first-principles quantum mechanical calculations. This concept is in particular successful for 
intermetallic compounds. The real space analysis based on the electron localizability indicator (ELI 
[42]) resolves the shell structures of free atoms. Hence, when applied to a molecule or solid the core 
and valence regions are separated. The core electrons that do not participate in chemical bonding show 
spherically symmetric ELI distribution. The atomic interactions mostly take place in the valence region, 
and consequently the ELI distribution in this region is highly structured implying two- or multi-center 
bonds, or lone-pair-like features. In cases involving transition metal atoms a frequently encountered 
situation is the participation of the penultimate-shell electrons in chemical bonding which is manifested 
in the deviation of the ELI distribution in the penultimate shell from spherical symmetry [43, 49]. 

The electron localizability approach employs the topological analysis methods that play a central 
role also in the quantum theory of atoms in molecules (QTAIM) [44]. In QTAIM, the local maxima of 
the electron density usually occur at nuclear sites and the respective basins (QTAIM basins) are 
recognized as atoms in the crystal structure (molecule). The local ELI maxima, on the other hand, 
identify the inner electronic shells (core region) and the bonding interactions (valence region). 
Integrating the electron density inside the corresponding basins yields their electron populations. For 
the QTAIM or atomic basins the result will be the total number of electrons (QA) that an atom A has in 
the given compound (molecule). For the basins of the ELI, number of core electrons for each atom 
and/or the electron populations of each bonding basin will be obtained. Whether a bonding basin 
represents a two- or multi-centered, or lone-pair-like interaction, can be determined by applying the 
basin intersection technique [45]. In this technique the bonding basin is intersected with the atomic 
basins and the number of electrons contributed to the bond by each atom can be found by integrating the 
electron density in each intersection region. For obtaining a more general picture of the atomic 
interactions, it is sometimes reasonable to ignore contributions less than some small fraction (e.g., 10%) 
of the bond population [46]. Furthermore, the basin intersection technique enables us to quantify bond 
polarity and explore its relation to electronegativity differences [47, 48]. Another useful feature of the 
ELI formulation is the possibility of decomposing it into partial contributions [49]. Partial ELI, 
denoted as pELI, can be obtained in terms of either energy windows (crystalline solids) or molecular 
orbital contributions (molecules). 

In this study we investigate the chemical bonding in ternary clathrate-I compounds Ba8T6Ge40 by 
combining the topological analysis of the electron density (ED) and the ELI in its ELI-D 
representation. The features of electronic DOS are used for discussion. 

Crystal Structure 
The type-I clathrate structure consists of three framework and two guest atom positions (Fig. 1). 

These Wyckoff positions are 6c, 16i, 24k and 2a, 6d, respectively, in the space group Pm – 3n (no. 223). 
Only the 16i (x x x) and 24k (0 y z) positions have free parameters, others’ coordinates are fixed by 
symmetry. In the context of Ba8T6Ge40 clathrate phases the framework positions can be labeled as 
6c = Ge1, 16i = Ge2 and 24k = Ge3. The Ge2 and Ge3 sites form two 20 – atom cages per unit cell, 
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while all framework atoms participate to form six 24 – atom cages per unit cell. The former are 
centered by the guest atoms at 2a and the latter at 6d positions. Each framework atom is four-
coordinated by other framework atoms. This structural feature yields 24 × Ge1 – Ge3, 8 × Ge2 – Ge2, 
12 × Ge3 – Ge3 and 48 × Ge2 – Ge3 contacts per formula unit. Hence, in total the framework contains 
92 two-center two-electron bonds requiring 184 valence electrons per unit cell. The diamond structure 
is also generated by four-coordinated atoms, however the less dense clathrate-I framework differs 
from it significantly by the presence of three planar hexagons per unit cell. These hexagons are formed 
by two Ge1 and four Ge3 atoms. In the plane of the hexagons the Ge3 – Ge3 – Ge1 angles usually 
vary around 125 degrees deviating strongly from the tetrahedral value of 109.47 degrees. In addition, 
the hexagons along a crystallographic axis alternate between being “horizontal” and “vertical” so that 
two neighboring hexagons meet at the common Ge1 (6c) sites. Therefore, these sites are expected to 
behave differently in comparison to the other two framework sites. In fact, point defects, especially at 
relatively low concentrations, are observed to involve mostly the 6c Wyckoff position. In particular, in 
the binary clathrate-I compound Ba8Ge43ϒ3 only half of the 6c sites are occupied by the Ge atoms [39]. 
The vacancies can be taken, to a good approximation, as fully ordered so that a 2 × 2 × 2 supercell in 
space group Ia – 3d (no. 230) with Pearson symbol cI408 results [39, 40]. 

 

Figure 1. Crystal structure of clathrate-I Ba8T6Ge40. 

In the ternary clathrate-I compounds Ba8TxGe46-x-yϒy, the T atoms are usually located at the 6c 
sites for x < 6. Moreover, the vacancies are found exclusively at the 6c sites (reminiscent of the binary 
clathrate Ba8Ge43ϒ3). Consequently, almost all Ba8TxGe46-x-yϒy phases are structurally disordered 
resulting in complex crystal structures. However, the main purpose of this study is to investigate 
chemical bonding in ternary type-I clathrate compounds in real space with emphasis on Ba – T 
and T – Ge interactions and the effects of these interactions on the Ge – Ge bonds. The complications 
due to the crystal structure were avoided by employing a simplified structural model with all 6c sites 
occupied by T atoms. The corresponding fully-ordered crystal structure model has the composition 
Ba8T6Ge40. We consider the cases T = Li, Mg, Al, Ga and the late transition metals belonging to groups 
9 – 12 of the Periodic Table. For comparison, the empty (ϒ8Ge46) and the binary (Ba8Ge43ϒ3) 
clathrates as well as the hypothetical Ba8Ge46 were included in the study. 
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Quantum chemical techniques 
Electronic structure calculations were performed by using the all-electron, full-potential local 

orbital (FPLO) method [50] (version 9.01). All main results were obtained within the local density 
approximation (LDA) to the density functional theory through the Perdew-Wang parametrization for 
the exchange-correlation effects [51]. Some of the results were compared to those obtained by the 
generalized gradient approximation (GGA) [52] and no significant differences were found. In the 
FPLO method a scalar relativistic Hamiltonian is applied to the semi-core and valence electrons, while 
the core electrons are treated in a fully-relativistic way. Chemical bonding analysis is based on the 
combined analysis of electron density (ED) and electron localizability indicator (ELI). ELI [42] was 
calculated in the ELI-D representation [53, 54] by a module implemented into FPLO software [55]. 
Topological analysis of the ED and the ELI-D were carried out by the program DGrid [56].  

The crystal structures of the type-I clathrates ϒ8Ge46, Ba8Ge46 and Ba8T6Ge40 were fully 
optimized within LDA using a Brillioun zone (BZ) mesh of 8 × 8 × 8 and placing all T atoms at the 6c 
Wyckoff position of the space group Pm – 3n (no. 223). The maximum orbital angular momentum 
number was set to 12 for electron density expansion. The maximum force criterion was 5 meV Å-1 and 
the equilibrium volume determination process was stopped when the estimated change in the lattice 
parameter was less than ~ 0.004 Å (corresponds to a volume ratio of ~0.1 %). For Ba8Ge43ϒ3 the 
vacancy-ordered 2 × 2 × 2 superstructure model [39] was used without atomic position or unit cell 
volume optimization. The ELI-D and DOS calculations at the minimum-energy structures utilized a 
BZ mesh of 10 × 10 × 10. 

Results and Discussion 
The optimized values of the crystal structure parameters for Ba8Ge46 and Ba8T6Ge40 where 

T = Li, Mg, Al, Ga and transition metals of groups 9 – 12 are listed in Table I. 
Table 1. 

Optimized lattice parameters and atomic coordinates of Ge2 (16i site) and  
Ge3 (24k site) in the model Ba8T6Ge40 structures. 

Composition a (Å) x (16i) y (24k) z (24k) 
Ba8Li6Ge40 10.7126 0.1827 0.3118 0.1153 

Ba8Mg6Ge40 10.8433 0.1836 0.3040 0.1139 
Ba8Al6Ge40 10.7602 0.1843 0.3086 0.1184 
Ba8Ga6Ge40 10.7612 0.1845 0.3092 0.1186 
Ba8Ge6Ge40 10.8964 0.1847 0.3074 0.1183 
Ba8Co6Ge40 10.5064 0.1829 0.3255 0.1263 
Ba8Ni6Ge40 10.5098 0.1829 0.3233 0.1245 
Ba8Cu6Ge40 10.5643 0.1830 0.3180 0.1198 
Ba8Zn6Ge40 10.6500 0.1837 0.3118 0.1183 
Ba8Rh6Ge40 10.6380 0.1831 0.3185 0.1216 
Ba8Pd6Ge40 10.6624 0.1830 0.3146 0.1187 
Ba8Ag6Ge40 10.7484 0.1830 0.3085 0.1157 
Ba8Cd6Ge40 10.8410 0.1838 0.3028 0.1149 
Ba8Ir6Ge40 10.6539 0.1832 0.3178 0.1219 
Ba8Pt6Ge40 10.6631 0.1831 0.3148 0.1202 
Ba8Au6Ge40 10.7238 0.1832 0.3093 0.1169 
Ba8Hg6Ge40 10.8454 0.1837 0.3024 0.1155 
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Electronic structure 

Since, each framework atom is four-coordinated by other framework atoms in an approximately 
tetrahedral environment, an empty clathrate such as ϒ8Ge46, in analogy to the diamond structure, is 
expected to have an energy band gap [57]. Indeed, we obtained a band gap of 1.22 eV for the fully-
optimized ϒ8Ge46 structure. The corresponding electronic density of states (DOS) is presented in 
Figure 2, upper panel. In Ba8Ge43ϒ3, there are 16 extra electrons from the Ba atoms, but due to the 
missing three Ge atoms at the 6c position the net number of the excess electrons is four: 
(Ba2+)8[(3b)Ge-]12[(4b)Ge0]31·4e-, where (3b) and (4b) denote three- and four-bonded Ge, respectively. 
The calculated electronic structure of Ba8Ge43ϒ3 [58] shows that the band gap of ϒ8Ge46 is preserved 
although its width is reduced to about 0.2 eV, and top of the gap lies 0.5 eV below the Fermi energy 
(EF, Fig. 2, middle panel). The number of electrons occupying the states between -0.5 eV and Fermi 
energy (set to 0 eV) is exactly four, in agreement with the above simple electron counting. For the 
hypothetical binary clathrate-I Ba8Ge46 the net number of the excess electrons is 16 and therefore top 
of the gap lies further below the EF, at about -0.85 eV (Fig. 2, lower panel). The width of the gap is 
~0.6 eV. The preservation of the gap implies that the Ba states, mainly 5d, hybridize only weakly with 
those of the Ge framework in the region below the gap. 

 

Fig. 2. Calculated electronic density of states for ϒ8Ge46, Ba8Ge43ϒ3, and Ba8Ge46. 

An important question is what happens to the gap when atoms of a third element are introduced 
to the clathrate-I structure. In the case of Ba – T – Si type-I clathrate phases for T = Ni [59] and Rh 
[60], the rather strong hybridization between the d electrons of T and the p electrons of Si results in the 
closing of the gap (reminiscent of the empty ϒ8Si46 clathrate). In contrast, we find for the case of 
Ba8T6Ge40, that the band gap persists even when six atoms of the element T = Li, Mg, Al, Ga (Fig. 3) 
or a transition metal from groups 9 through 12 (Fig. 4) replace the Ge atoms at the 6c position. The 
Fermi energy lies above or below the gap depending on the ability of the T elements to a accommodate 
valence electrons of Ba with respect to the empty clathrate ϒ8Ge46. According to the Zintl-Klemm 
concept each T atom would need four electrons for forming four two-electron two-center bonds with 
the neighboring Ge atoms. The difference between four and the number of valence electrons ν of the T 
atom yields its accommodation ability of T. The comparison of the accommodation ability of six T 
atoms with the 16 electrons transferred from Ba determines the location of the gap with respect to EF: 
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if the accommodation ability of six T is less than 16, the gap is below the Fermi level and vice versa. 
The DOS results to be presented below show the validity of this argumentation providing support for 
the applicability of the Zintl-Klemm concept to the ternary clathrate-I phases Ba8T6Ge40.  

 

Fig. 3. Calculated electronic density of states for Ba8T6Ge40 with T = Li, Mg, Ga. 

Lithium has one valence electron, therefore in Ba8Li6Ge40 there are two electrons less compared 
to ϒ8Ge46: (Ba2+)8[(LiGe4)3-]6[(4b)Ge0]16·2e+, where e+ stands for a hole. Hence, the gap is above EF 
(Fig. 3 upper panel) and the integrated DOS between EF and bottom of the gap reveals two electrons 
as expected. Similar count for Mg and Ga (two and three valence electrons, respectively) yields 4 and 
10 extra electrons – (Ba2+)8[(MgGe4)2-]6[(4b)Ge0]16·4e- and (Ba2+)8[(GaGe4)1-]6[(4b)Ge0]16·10e-, 
respectively – so that EF ends up above the gap (Fig. 3 middle and lower panels). In these cases also 
the integrated DOS between top of the gap and EF gives the expected electron numbers. 

 

Fig. 4. Calculated electronic density of states for Ba8T6Ge40 with T = Ir, Pd, Cu and Cd. 

By comparing Figs. 3 and 4, we deduce similar behavior for T = Li, Cu, Ag, Au and for T = Mg, 
Zn, Cd, Hg sets showing DOS consistent with the picture for T having one or two valence electron(s). 
Recent experimental and theoretical work on Ba8AuxSi46-x [61] and  Ba8AuxGe46-x [16] phases have 
revealed that as x is varied from below 5.33 to above 5.33 the nature of the charge carrier transport in 
the corresponding compounds changes from n-type (electron-rich case) to p-type (electron-poor case). 
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This transition can be explained if Au atoms act as having one valence electron so that each of 
them needs three electrons from the Ba atoms to make two-electron bonds with Ge neighbors. The 
critical value of x = 16/3 = 5.33 to match the number of available electrons to the electron demand is 
simply the number of Au atoms that can accommodate all 16 electrons available from Ba. Group 10 
elements have one electron less than their group 11 neighbors, thus they are expected to behave as if 
they have zero valence electrons. With ν set to 0 we obtain accommodation ability of 24 for 6 Pd 
atoms. With 16 available electrons of 8 Ba species, it places the EF below the gap. The computed DOS 
(Fig. 4, T = Pd) is in agreement with this expectation, and the integrated DOS from EF to the bottom of 
the gap yields 8 electrons as expected. The electron balance for T = Ni can be – similarly to the Pd 
case - expressed as (Ba2+)8[(NiGe4)4-]6[(4b)Ge0]16·8e+. Experimental evidence for the electronic state of 
Ni exists for Ba8NixGe46-x-yϒy [19] and Ba8NixSi46-x-yϒy phases [63], for which X-ray absorption studies 
carried out on Ni sites suggest an oxidation state close to that of elemental Ni. In the case of group 9 
elements, one electron less than in group 10, one would set ν to -1, e.g., (Ba2+)8[(CoGe4)5-

]6[(4b)Ge0]16·14e+, so that EF falls further below the gap (Fig. 4, top panel). For all group 9 elements 
the states between EF and the bottom of the gap are found to accommodate 14 electrons. 

The electron balances derived from the Zintl model of atomic interactions in clathrates and their 
correlation with the electronic density of states allow description of the electronic transport in this 
family of thermoelectric materials for any values of x within the experimentally found homogeneity 
ranges of the phases Ba8TxGe46-x-yϒy. Analysis of the thermal transport behavior reveals that the lattice 
thermal conductivity does not follow the changes in the electronic structure [10] and shows for the 
case of T = Au some influence of the distinct atomic interactions in the crystal structure [16]. A 
systematic analysis of such interactions is made by real-space quantum chemical techniques. 

Chemical bonding in real space 

The QTAIM basins and their electron populations were obtained for the Ba8T6Ge40 clathrates by 
applying the topological analysis to the electron density. The shapes of QTAIM basins are shown in 
Fig. 5 for Ba8Cu6Ge40. One notices that both Ba1 and Ba2 basins have highly spherical shapes. This 
implies that Ba atoms act mainly as cations: the atomic basin of an ideal cation should consist only of 
the core electron shells whose electron density would have a spherical distribution. The QTAIM 
basins of the Ge and Cu atoms, on the other hand, are far from being spherical indicating the presence 
of more directional interactions (in comparison with the ionic ones). 

 
Fig. 5. QTAIM atoms in Ba8T6Ge40 by the example of T = Cu. 
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The effective charge of an atom within the electron localizability approach is defined as the 
difference between the atomic number Z and the electron population of the atomic basin Q. Fig. 6 
shows the calculated effective charges (Z – Q) of the T atoms in relation to their position in the 
Periodic Table. Due to the similarity of the electronic DOS, Li and Mg are assigned to groups 11 and 
12, respectively, for plotting purposes. Large positive effective charges are observed for the main 
group elements Li, Mg and Al. Normalizing the effective charges for one formal valence one obtains 
+0.80, +0.65 and +0.47, respectively, correctly reproducing the order of increasing electronegativity 
(EN) within one row. The main group element of the next row – gallium – has a smaller positive 
effective charge than aluminum being also in agreement with the electronegativity of the elements of 
group 13 (EN(Ga) > EN(Al). There are two general remarks in regard to the transition metals: the 
effective charges (i) get more negative within each group as period number increases, (ii) get less 
negative within each period as group number increases. Both observations are in line with the general 
tendency of how electronegativity changes across the Periodic Table. Ge3 atoms are the nearest 
neighbors of the T ones; therefore their effective charges vary in a wide range. One limit corresponds 
to the case of electropositive elements (Z – Q)Ge3 ≈ -0.60 for T = Mg and Al, and the other to Ir and Pt 
with (Z – Q)Ge3 ≈ -0.05. Ba2 and Ge2 effective charges show a variation of approximately the same 
width: (1.2 ÷ 1.4) for Ba2 and (-0.3 ÷ -0.1) for Ge2. Since the Ba1 – T and Ba – Ge distances (> 0.559 
times the lattice parameter) are the longest among the host-guest distances, Ba1 effective charges 
change very little, they lie between 1.1 and 1.2.  

 

Fig. 6. Effective charges for QTAIM atoms in Ba8T6Ge40. 

More insight about how Ge – T and Ge – Ge interactions are affected as T is changed was 
gained by performing the topological analysis of the ELI-D. The ELI-D distributions at x = a/2 for 
some representative cases are shown in Figure 7. Apart from the Ge2 – Ge2 and Ge2 – Ge3 bonds all 
other bonding situations of interest are present in this plane. The Ge3 – Ge3 attractors are off the bond 
line, but usually very close to it. Electron populations of bond basins are calculated by integrating the 
ED inside the valence-region ELI-D basins. Basin intersection technique is used to determine how 
many electrons are contributed by which atoms. In general the Ge – Ge bonds have a two-center 
character with Ba contributions always being less than ~ 2% of the bond population. In the empty 
clathrate ϒ8Ge46 there are, as expected, only two-center two-electron Ge – Ge bonds. In Ba8Ge43, due 
to the vacancies at the 6c site, the basins of the former Ge1 – Ge3 bonds have contact only to one Ge3 
core, i.e., they represent lone pairs at Ge3 atoms [64]. The bond populations are as follows: for Ge2 – Ge2 
bond – 2.25 e-, for Ge3 – Ge3 bond – 1.95 e-, for Ge1 – Ge3 bond  – 2.17 e-, for Ge3 lone pair – 2.52 e- 
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and for Ge2 – Ge3 bond – 2.10 e- (when Ge3 has a Ge1 neighbor), 1.92 e- (for Ge2 at 32e position) 
and 2.05 e- (when Ge2 is at 96h position and Ge3 has a lone pair). These values are essentially 
independent of whether LDA or GGA is used in the calculation. 

 
Fig. 7. ELI-D distribution in Ba8T6Ge40 at x = 0.5 for T = Mg, Al, Ni, Ag, Cd, Ir, Pt, Au. 

The Ge – Ge bond populations are plotted against Ge – Ge distances in the studied Ba8T6Ge40 

clathrates in Fig. 8. The Ge2 – Ge2 bonds are the least affected by T due to the rather long Ge2 – T 
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contacts of about 4 Å. Their bond populations vary between 2.2 and 2.3 electrons and the Ge2 – Ge2 
distances lie between 2.44 and 2.50 Å. The Ge2 – Ge3 distances vary in a narrow range, 2.48 – 2.53 Å, 
but the bond populations show a wider variation: 1.88 to 2.15 electrons. As expected, the Ge3 – Ge3 
values are spread over considerably wider ranges of [1.7, 2.05] e- and [2.47, 2.66] Å for bond 
population and bond distance, respectively. In the Ge2 – Ge2 and Ge3 – Ge3 bonds, Ge atom 
contributions are equal, but the Ge2 – Ge3 bonds are slightly polar (similar to the Ge3 – Ge1 case 
above) due to different local environments [66]. 

 

Fig. 8. Ge - Ge bond populations versus Ge - Ge bond distances in Ba8T6Ge40. 

The Ge3 – T bond attractors have in the isolated GeT molecules usually ring characteristics [43, 
49]. In the Ba8T6Ge40 clathrates, due to the non-cylindrical symmetry of the Ge – T bond environment 
they are split into two for all transition metals (Fig. 7). In addition, the structuring of the penultimate 
shell is observed for most transition metals, e.g. for the 3rd and 4th shells for Ni and Ag, respectively, it 
is noted in Fig. 7. The structuring of the penultimate shell of the T species is very weak for group 12 
atoms and is missed in the case of main group elements. The bond polarity of the Ge – T bonds is a 
consequence of the different atomic charges of the participating atoms.  

Information on Ba – framework interactions can be inferred from the structuring of Ba atoms’ 
penultimate (5th) shell. In all cases the structuring of Ba2 penultimate shell is significant enough to be 
noticed in two-dimensional plots of the ELI-D distribution (Fig. 7). In contrast, Ba1 structuring is 
comparatively very small, it is noticeable only for T = Pt. In the ELI-D representation of the Ba atom, 
the 5p states contribute also to the valence region. i.e., they may as well be participating in atomic 
interactions. An interesting finding is the detection of two-center Ba2 ← T dative bonds for T = Ag, 
Cd, Pt and Au manifested by the dedicated ELI-D attractor (Fig. 7). Covalent Ba2 – Au bonds were 
reported in a previous study which employed the tight-binding linear-muffin-tin orbital (TB-LMTO) 
method [16]. This result is confirmed in the present FPLO calculations by applying either LDA or 
GGA techniques. Additionally, three new cases are found. Bond populations are 0.10, 0.06, 0.16 and 
0.27 electrons for Ag, Cd, Pt and Au, respectively. These bonds are strongly polar with the bond 
fraction [48] of Ba2 atoms being 0.05 – 0.06. Because some of the Pt or Au electrons are used for 
forming the according dative Ba2 – T bonds, the low values of bond populations of the Ge3 – Pt and 
Ge3 – Au bonds are partly understandable. The partial ELI-D analysis based on the energy window  
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decomposition confirms the T(d) participation for T = Ag, Pt and Au. Here, the Ba2 – T ELI-D 
attractors show up when the lower limit of the energy window is chosen above the energy ranges 
dominated by the T(d) states. The upper limit is taken as the Fermi energy. The lower limits for the 
chosen energy windows are -4.15, -2.88 and -3.95 eV for Ag, Pt and Au, respectively. In these energy 
ranges Ba 5d contributions start to rise and transition metal d contribution remain below 10 states eV-1. 
However, for T = Cd similar analysis failed to isolate an energy window where Ba2 – Cd ELI-D bond 
attractors occur. Here, the Ba – Cd bonding attractor results from the contributions of the whole 
valence manifold of Cd. 

 

Fig. 9. Experimental minimum lattice thermal conductivity values 
 at temperatures above 200 K for the Ba8TxGe46-x phases (100 K for T = Ir). 

Red points mark the T elements forming Ba – T bonds (cf. text). 

Analysis of the lattice thermal conductivity κL of the ternary type-I clathrates Ba8TxGe46-x-yϒy 
reported in the literature reveals strongly reduced values for all compounds having Ba2 – T bonds 
(Fig. 9). The κL is around 0.9 and 1.0 W m-1 K-1 for Ag and Pt [30, 34], respectively; it varies between 
0.5 – 1.5 and 0.5 – 1.0 W m-1 K-1 for Cd and Au [16, 31, 65], respectively. As a comparison, κL values 
are above 1.4 – 1.5 W m-1 K-1 for Ir [66], Ni [18, 19] and Zn [23], and above 2.0 W m-1 K-1 for Pd [29]. 
Moreover, the κL values for the Rb7.88Au2.47Ge43.53 clathrate are higher than 1.5 W m-1 K-1, and the ELI-D 
analysis on Rb8Au6Ge40 found no dedicated maxima on the Rb – Au contacts [67]. The exceptional 
case is that of T = Cu: the minimum value of κL is reported to be around 0.8 W m-1 K-1 [68], but the 
ELI-D analysis finds no Ba2 – Cu interaction with an dedicated attractor. Usually the low lattice 
thermal conductivities obtained for heavier T elements are explained as a mass effect, however the 
systematic investigation of the Ba8AuxGe46-x clathrate in very narrow range of 5.25 ≤ x ≤ 5.50 revealed 
the change of κl from 0.55 to 0.9 W m-1 K-1 confirming rather the role of the Ba – Au bonding [65]. 
Furthermore, the iridium-containing clathrate with heavy T component does not show reduced lattice 
thermal conductivity, being in agreement with the absence of Ba – Ir interaction [66]. However, a role 
of the covalent Ba2 – T interactions deserves further investigation. In particular, further experimental 
work on Hg – and Cu – containing clathrates will be illuminating, because mercury is heavy and no 
Ba2 – T bonds were detected in the ELI-D analysis, and the vice versa case represents T = Cu, 
whereby the experimental data differ quite strongly from 0.8 to 1.5 W m-1 K-1 [21, 68] (Fig. 9). 
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Summary 
The chemical bonding in ternary Ba – Ge - based clathrate-I phases is investigated by applying 

the QTAIM and electron localizability approach. The composition Ba8T6Ge40 is used for the quantum 
chemical calculations where T atoms occupy the 6c Wyckoff position. The QTAIM analysis of the 
electron density shows that Ba atoms transfer about 1.2 – 1.3 electrons to the [T6Ge40] framework. The 
Ge2 atoms coordinated only by germanium receive 0.1 – 0.2 electrons. The Ge3 atoms have T atoms 
in the first coordination sphere; thus, the effective charges of Ge3 vary more strongly from -0.05 to -0.60 
depending on the polarity of the Ge3 – T bond. The Ge – T interactions are found to be essentially of 
two-center character with negligible Ba2 contributions. Ba – framework interactions are mostly ionic 
as expected from the Zintl-Klemm concept. However, the electrons in the 5th (penultimate) shell of Ba 
atoms do participate in atomic interactions with the framework atoms as judged from the non-
spherical ELI-D distribution in these shells (structuring) and from the electronic DOS. Moreover, 
for T = Cd, Ag, Pt and Au, there are dedicated ELI-D bond attractors indicating two-center Ba2 – T 
interactions. Coexistence of different types of bonding in the clathrates Ba8T6Ge40 is named as bonding 
inhomogeneity. The lattice thermal conductivity of the clathrate-I phases with these Ba2 – T bonds 
were reported to be lower in comparison with the phases without Ba2 – T bonding suggesting that 
such bonds play a role in heat transfer reduction. 
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SOME PECULIARITIES OF 
THERMOPOWER ANISOTROPY IN 

 UNDEFORMED AND ELASTICALLY DEFORMED  
 n - Si AND n - Ge SINGLE CRYSTALS 

In the framework of anisotropic scattering theory the mechanisms of origination of thermopower 
anisotropy in multi-valley undeformed and directionally deformed semiconductors (n -Si and n -Ge) in 
the presence of temperature gradient were analyzed in detail. Based on the use of the generalized Ohm's 
law the thermopower tensor was defined under ∇Т ≠ 0. 
Keywords: germanium, silicon, anisotropic scattering theory, thermopower anisotropy, thermopower 
tensor. 

Introduction 
Electrophysical properties of semiconductors are essentially dependent not only on the 

anisotropy of dispersion law and the mechanisms of charge carrier scattering on phonons and 
impurity centres, phonon-phonon scattering, etc. (i.e. on microlevel anisotropy), but also on the 
reduced (for instance, by means of directional elastic deformation) anisotropy of the entire 
crystal [1 – 3]. A deeper insight into the mechanisms of origination of thermopower anisotropy, 
peculiarities of the energy spectrum of charge carriers is promoted by studies of thermoelectric 
properties of uniaxially elastically deformed semiconductors that are important from the 
standpoint of not only basic, but also applied science [4]. Practical importance of such studies is 
related to the possibility of creating (or increasing) by means of directional deformation of 
semiconductors the thermopower anisotropy which is used in the anisotropic thermoelements, 
eddy and galvanothermomagnetic energy converters [5]. It is exactly the efficiency of 
thermoelectric energy converters that are commonly referred to as modules that governs the 
possibilities of practical applications of thermoelectricity [6]. 

An essential drawback of thermoelectrically anisotropic materials used for industry is 
their low thermoelectric figure of merit. As long as one of the methods for improving the latter 
is to increase thermopower anisotropy, creation of high thermopower anisotropy by deformation 
will assure the possibility of designing artificial high-sensitivity anisotropic devices with higher 
efficiency. 

The purpose of this work was to establish specific features of thermopower anisotropy in 
undeformed and elastically deformed n – Si and n – Ge single crystals, as well as to determine 
thermopower tensor in the presence of temperature gradient. 

 
Gaidar G.P. Baranskii P.I. 
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Anisotropic electron scattering in multi-valley n-type semiconductors Ge and Si  
An appropriate idea of anisotropic electron scattering in a crystal appears when solving a 

kinetic Boltzmann-Lorentz equation for charge carriers in solids. This equation for steady-state 
conditions can be written as [7]: 

( )' '
'

'ˆ 0k kk k k
k

D n W n n+ − =∑r rr r r
r

, (1) 

where kn r  is equilibrium electron distribution function; ( )
01ˆ , μk

k k k
k

d n
D n x kT

k T d x
υ= ∇ + ∇

r

r r r

r
 is the so-

called field term; ( )0 0e E e∇μ = ∇μ − = ∇ μ + ψ ; ψ is electric field potential; е0 is electron charge; '
kn r  

is the nonequilibrium addition to distribution function; 'kkW rr  is probability of electron scattering from 

the state with quasi-pulse k
r

 to the state with quasi-pulse 'k
r

. 
Hereinafter we shall consider only elastic scattering whereby it can be considered that quasi-

pulses k
r

 and 'k
r

 are on the same constant-energy surface. In this case, scattering probability is a 
function of several values: 

( )'
' '; , , ,

k k
W W= ε ϑ ϕ ϑ ϕr r  (2) 

where ϑ , ϕ  are spherical angles characterizing quasi-pulse direction prior to scattering, and 'ϑ , 'ϕ  – 

after scattering. In so doing, ε enters (2) as a parameter, since electron energy at scattering is not 
changed. Therefore, in the following the value of ε will not be entered into the notation of W  
function.  

Let us first assume that scattering probability depends only on scattering angleθ : 

( )' cos
k k

W W= θr r , (3) 

in which case 

( )' ' 'cos cos cos sin sin cosθ = ϑ ϑ + ϑ ϑ ϕ−ϕ , (4) 

It means that scattering probability does not depend on the way the angle formed by pulses k
r

 and 'k
r

 
is oriented inside a crystal (Fig. 1). Exactly such scattering is commonly referred to as isotopic. It is 
noteworthy that sometimes isotropic scattering shall mean the case when 'kk

W rr  does not depend on θ  

at all. However, in reality this case is just a variety of isotropic scattering. 
Anisotropic scattering shall mean the case when 'kkW rr  depends on the angles ϑ , ϕ , 'ϑ , 'ϕ  in 

any way different from dependence (3). Hereinafter we shall also assume that constant-energy 
surface is square-shaped (sphere, ellipsoid). It also includes the Kane nonparabolicity. Then carrier 
velocity components ~sin cosxυ ϑ ϕ ; ~ sin sinyυ ϑ ϕ ; ~ coszυ ϑ  linearly depend on first-order 

spherical harmonics. Solution of the kinetic equation for isotropic scattering is of dissimilar nature 
than for the case of anisotropic scattering. 

With the isotropic scattering ( )cosW θ  can be expanded into a series in the Legendre 

polynomials: 

( ) ( )cos cosl l
l

W W Pθ = θ∑ . (5) 

And then, using known theory of summation of spherical functions 
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                                                       ( ) ( ) ( )* ' 'cos , ,l l m l m
m

P Y Yθ = ϑ ϕ ϑ ϕ∑ , (6) 

Eq.(5) can be represented as  

( ) ( ) ( )* ' 'cos , ,l l m l m
l m

W W Y Yθ = ϑ ϕ ϑ ϕ∑ . (7) 

Solution of the kinetic equation in this case should be sought for in the form of a series in spherical 
harmonics: 

( ) ( )' ,l m l mk
l m

n X Y= ε ϑ ϕ∑r , (8) 

in so doing, ( )l mX ε  need to be defined. One can make sure that substitution of Eq. (8) into Eq. (1) 

yields the following relationship for mlX : 

( ) 1l l m m lL X Dε = δ , (9) 

where lL  is in a definite way calculated through coefficients lW . It follows from here that all 

( )l mX ε , except for ( )1mX ε , are equal to zero, which yields known solution of the kinetic equation 

with the isotropic scattering. 

 

Fig. 1. Angle formed by quasi-pulses k
r

 and 'k
r

. 

In the case of the anisotropic scattering the expansion of 'kk
W rr  in spherical harmonics is of the 

form 

( ) ( )'

' ' ' '
' '

* ' ', ,m m
l mk k l l l m

l l m m

W W Y Y= ϑ ϕ ϑ ϕ∑r r . (10) 

And, hence, the fundamental difference between the anisotropic and isotropic scattering is that 

in the case of the anisotropic scattering the expansion coefficients of 
'

'
mm

ll
W , first, depend on m and, 

second, are non-diagonal both in l and in m. As a result, with the anisotropic scattering for unknown 
functions ( )l mX ε  we obtain a system of coupled equations, rather than an autonomous equation 

( )'

' ' '
' '

1
m m

m ll l l m
l m

L X Dε = δ∑ . (11) 

And to calculate the kinetic coefficients, one need not know the entire distribution function 
assigned by series (8), but only the so-called abbreviated function 

( ) ( )'
1 1 ,m mk

m

n X Y= ε ϑ ϕ∑r , (12) 

since, due to the foregoing, for charge carriers with a quadratic constant-energy surface charge 
carrier velocities are proportional to first-order spherical harmonics. 

In terms of mathematics, construction of anisotropic scattering theory comes down exactly to 
development of methods for determination of ( )1mX ε  from system (11) [8, 9], and the difference 
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between the anisotropic and isotropic scattering in conceptual sense reduces to the fact that in the 
case of anisotropic scattering the relaxation properties of carrier system are determined not by one 

coefficient 1L , but by certain combinations of the entire collection of expansion coefficients 
'

'
mm

ll
L . 

Exactly for this reason instead of the relaxation time one should introduce the relaxation time tensor. 
Naturally, this changes the temperature and concentration dependences of the kinetic coefficients, 
their dependences on the magnetic field intensity and other external influence. 

Scattering anisotropy in multi-valley semiconductors can be due to different reasons, namely 
scattering potential anisotropy (piezoelectric semiconductors, scattering on ions with dielectric 
constant anisotropy), phonon spectrum anisotropy, carrier energy spectrum anisotropy. In the latter 
case charge carrier scattering is described by a series of parameters, for instance, not by deformation 
potential constant (like in the case of isotropic scattering), but by the tensor of deformation potential 
constants, not by effective mass value, but by components of effective mass tensor, etc. Anisotropic 
scattering theory offers the possibility to find a dependence of experimentally measured values on the 
above parameters, which cannot be achieved through use of isotropic scattering theory. 

Determination of the thermopower tensor 
The Seebeck effect (or thermoelectric effect) discovered in 1823 consists in the origination in 

a semiconductor in the presence of temperature difference of electric field which in this case is called 
thermoelectric. 

The generalized Ω law relating the tensors of current density vector j
r

 and electric field 

intensity εr  in the presence of temperature gradient grad T ≡ ∇T, for the anisotropic media can be 
written as [9]: 

ˆˆ ˆj T= σε − σα∇
r r , (13) 

where σ̂  and α̂  are second-rank tensors of electric conductivity and thermopower, respectively. If 
we introduce notation 

ˆ ˆˆb = σα , (14) 
Eq.(13) can be written as follows: 

ˆˆj b T= σε − ∇
r r , (15) 

or in components 

i ik k il lj b T= σ ε − ∇ , (16) 
where 

il im mlb = σ α . (17) 

Thermoelectric field intensity is found in the absence of electric current. On entering 0=j
r

 
into (13), we obtain the following expression for thermoelectric field intensity: 

ˆ Tε = α ∇
r , (18) 

or in components 

i ik k Tε = α ∇ . (19) 
Formula (18) giving a linear dependence of thermoelectric field intensity on temperature gradient is 
the first term of the expansion of εr  in ∇T and defines thermoelectric effect in the framework of 
linear in ∇T theory, valid at low temperature gradients, when one can ignore expansion terms with 
higher powers. 
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Based on (14), the Seebeck coefficient tensor is determined as follows: 
1 ˆˆ ˆ b−α= σ , (20) 

On the other hand, based on the kinetic theory, current density can be represented as  

( ) ( )1
0

k kj e E g E dE
∞

= ψ υ∫
r r , (21) 

where е is electron charge, υ
r

 is group carrier velocity, g (Ek) is the density of states, Е is full carrier 
energy, Ek is kinetic carrier density, ψ1 is addition to equilibrium distribution function in the presence 
of disturbing fields, that is: 

0 1ψ = ψ +ψ . (22) 

From the kinetic Boltzmann equation  

field collisiont t t
∂ψ ∂ψ ∂ψ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠

 (23) 

for the steady-state conditions and in the relaxation time approximation for ψ1 (in conformity with 
[10]) we obtain 

( )0
1

E T eV
E T

∂ψ μ −⎡ ⎤ψ = −τ ∇ −∇ μ + υ⎢ ⎥∂ ⎣ ⎦

r , (24) 

whereτ is relaxation time, μ is chemical potential, Т is absolute temperature, V is electric potential. In 

formula (23) 
fieldt

∂ψ⎛ ⎞
⎜ ⎟∂⎝ ⎠

is a field term that defines the velocity of change in ψ distribution function as 

a result of continuous electron motion in normal (geometric) space and in velocity space, 
collisiont

∂ψ⎛ ⎞
⎜ ⎟∂⎝ ⎠

 

is a collision term that defines the velocity of change in ψ as a result of electron collision 
(scattering). 

Substituting (24) into (21) and comparing the resulting expression to formula (15) written for 
the isotropic case, when b and σ are scalars, we shall find their (b and σ), and on the basis of (20) in 
the isotropic case for the Seebeck coefficient we shall find the relationship: 

( ) ( )

( ) ( )

20

*0 0

20
0

0

k k k

k k k

E E g E dE
Ek

e
k T E g E dE

E

∞

∞

⎡ ⎤∂ψ
τ υ⎢ ⎥∂⎢ ⎥α = −μ

⎢ ⎥∂ψ
τ υ⎢ ⎥∂⎣ ⎦

∫

∫

r

r
, (25) 

or 

2 30

*0

2 30
0

E d k
Ek

e
k T d k

E

∞

−∞
∞

−∞

⎡ ⎤∂ψτ υ⎢ ⎥∂⎢ ⎥α = −μ
⎢ ⎥∂ψ

τ υ⎢ ⎥∂⎣ ⎦

∫∫∫

∫∫∫

rr

rr
, (26) 

where k0 is the Boltzmann constant, *

0k T
μ

μ =  is reduced chemical potential. In (26) integrals are 

taken over quasi-pulse space.  
In the general case of nonspherical surfaces of charge carrier energy constant, the relaxation 

time is a second-rank tensor. Having written (15) and (21) in the main axes of the inverse effective 
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mass tensor, for the components of thermopower tensor of electrons belonging to one minimum we 
obtain the following expression: 

2 30

*0

2 30
0

ii i

ii

ii i

E d k
Ek

e
k T d k

E

∞

−∞
∞

−∞

⎡ ⎤∂ψτ υ⎢ ⎥∂⎢ ⎥α = −μ
⎢ ⎥∂ψ

τ υ⎢ ⎥∂⎣ ⎦

∫∫∫

∫∫∫

r

r
. (27) 

Mechanisms of origination of thermopower anisotropy 
The anisotropy of electric conductivity, thermal conductivity and a number of other physical 

properties is typical (to a varying degree) of all noncubic crystals. However, thermopower anisotropy 
is a rather rare phenomenon, as long as for its manifestation a series of specific conditions must be 
met. For the electric conductivity anisotropy, for instance, it is sufficient to have either anisotropic 
energy spectrum or anisotropic scattering law, or both. 

The situation is different with thermopower anisotropy. According to anisotropic scattering 
theory based on the method for solution of kinetic equation [8], the effect of scattering anisotropy on 
the kinetic coefficients for such most common scattering mechanisms as scattering on acoustic and 
optical phonons, on the ionized and neutral impurities (dipoles), is taken into account by the 
relaxation time tensor given below: 

rEii ii kτ = λ . (28) 

In so doing, the tensor character of relaxation time is described by coefficients iiλ  that do not depend 
on energy, but are the functions of the effective mass anisotropy. Power exponent r depends on the 
type of charge carrier scattering in a crystal. At scattering on acoustic lattice vibrations and optical 

vibrations at higher than the Debye temperatures (θ )
2
1

−=r , at scattering on optical vibrations at 

< θ 0=r , at scattering on ionized impurities 
2
3

=r . 

On substituting (28) into (27), coefficient iiλ  will reduce, and for iiα  we obtain a scalar 
expression. Thus, if there is one type of charge carriers and one scattering mechanism, the 
thermopower will be isotropic, whatever strong is the anisotropy of charge carrier effective mass. 
This result was used by the authors of [11] in the consideration of a multi-valley model. It is 

acceptable both for the isotropic dispersion law ( )kE
r

 and for the anisotropic parabolic and 
nonparabolic ellipsoidal law (the Kane model). Most likely, exactly this accounts for the fact that 
thermopower anisotropy is less common than the electric conductivity anisotropy. 

If ( )ikE  is characterized by different dependence along different directions (nonparabolic and 

nonellipsoidal dispersion law), in this case (even with one type of carriers and one scattering 
mechanism) the thermopower anisotropy can be observed, as mentioned in [12]. 

It should be noted that at scattering on impurity ions the relaxation time in the form of (28) is 
some approximation. According to [8], coefficients u

iiλ  are energy dependent, this dependence being 

different for different directions in a crystal. On substituting (28) into (27), ( )u
ii Eλ  in this case will 

not be reduced, and owing to the fact that that they are different for different directions, iiα  for 
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different і will differ from each other. That is, thermopower anisotropy will be observed in this case. 
This mechanism of thermopower anisotropy origination is typical of heavily doped semiconductors. 

In the case of one type of carriers and two scattering mechanisms described by relaxation 
times ( ) ( ) 11 1 r

ii ii Eτ = λ  and ( ) ( ) 22 2 r
ii ii Eτ = λ , summation of inverse relaxation times will yield 

( ) ( )

( ) ( )

1 2

1 2

1 2

1 2

r r
ii ii

ii r r
ii ii

E
E E

+λ λ
τ =

λ + λ
. (29) 

Substitution of (29) into (27) will result in the expression 

( ) ( ) ( )

( ) ( )

1 2

1 2

1 2

1 2

2 30
1 2

2 30
1 2

r r

ir r
ii ii

ii r r

ir r
ii ii

E E d k
EE E

EeT d k
EE E

+

+

∂ψ υ −μ
∂λ + λ

α =
∂ψ υ
∂λ + λ

∫

∫

r

r
. (30) 

In this case the thermopower tensor does not reduce to a scalar and thermopower will be anisotropic. 
Thus, one of the reasons for origination of thermopower anisotropy can be the availability of two (or 
several) anisotropic scattering mechanisms. However, thermopower anisotropy caused by joint action 
of several scattering mechanisms is low and at scattering on phonons and ions, ions and dipoles, 
phonons, ions and dipoles is 0.1 ÷ 25.0 µV/degree. 

Another reason for thermopower anisotropy can be the presence of two (or greater number) 
charge carrier types with one scattering mechanism, if at least one group of carriers is characterized 
by anisotropic electric conductivity and their partial Seebeck coefficients are different. This is due to 
the fact that thermopower, unlike electric conductivity, is not an additive value. Really, let us denote 
through ( )1

ij  and ( )2
ij  current densities of "1" and "2" type carriers and write for them the 

generalized Ohm’s law (16): 

( ) ( ) ( )

( ) ( )

1 1 1

2 2 2

,

.

i ii i ii
i

i ii i ii
i

Tj b
x

Tj b
x

∂ ⎫= σ ε − ⎪∂ ⎪
⎬∂ ⎪= σ ε −
⎪∂ ⎭

 (31) 

Total current density equals: 

( ) ( ) ( ) ( )( ) ( ) ( )( )1 2 1 2 1 2
i i i ii ii i ii ii ii i ii

i i

T Tj j j b b b
x x
∂ ∂

= + = σ + σ ε − + = σ ε −
∂ ∂

. (32) 

From condition of 0=ij  for the thermoelectric field we have the expression 

( ) ( )

( ) ( )

1 2

1 2
ii ii ii

i
ii i iii ii

b b bT T
x x

+∂ ∂
ε = =

σ ∂ ∂σ + σ
. (33) 

Whence for the thermopower tensor we shall have the relationship: 

( ) ( )

( ) ( )

1 2

1 2
ii ii

ii
ii ii

b b+
α =

σ + σ
. (34) 
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On substituting iib  based on (17) and taking into account that thermopower of one group of carriers 

with one scattering mechanism is isotropic, we finally obtain: 

( ) ( ) ( ) ( )

( ) ( )

1 1 2 2

1 2
ii ii

ii
ii ii

α σ + α σ
α =

σ + σ
, (35) 

and the difference in two components of the thermopower tensor α̂  in this case is expressed by the 
formula 

( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

1 1 2 2 1 2
11 22 11 22

11 22 1 2 1 2
11 11 22 22

σ σ − σ σ α − α
Δα = α − α =

σ + σ σ + σ
. (36) 

Eq.(36) suggests that even with the isotropic partial Seebeck coefficients the thermopower of the 
entire semiconductor can be anisotropic, if the electric conductivity of each carrier type, or at least 
one of them, is of anisotropic nature. In so doing, naturally, partial thermopowers must be different. 
This mechanism of thermopower anisotropy is apparently realized in semiconductors of 
orthorhombic syngony CdSb and ZnSb and in pure Bi in the area of mixed conductivity. The value of 
Δα in this case can reach ∼ 300 µV/degree. 

Thermopower anisotropy caused by the presence of several groups of charge carriers with 
different thermoelectric properties and anisotropic electric conductivities can be artificially created 
by directional deformation of multi-valley semiconductors of n -Ge and n -Si type. Really, directional 

elastic deformation of such crystals (except for directions X
r

 // J
r

 // [100] in n -Ge and 

X
r

 // J
r

 // [111] in n -Si) will lead to inequality of energy minima [13] and redistribution of electrons 
between the minima. As long as the kinetic properties of electrons belonging to different valleys 
(energy minima) are now different because of their different population, and the electric conductivity 
of each of these groups is strongly anisotropic, according to (35) the thermopower of the entire 
crystal will become anisotropic. The emergence of particularly high anisotropy can be expected in 
the area of mixed conductivity, as long as uniaxial deformation of Ge and Si leads to removed 

degeneration of the zones of light and heavy holes at point 0=k
r

 of quasi-pulse space and to the 
emergence of considerable electric conductivity anisotropy of holes. Thus, uniaxial elastic 
deformation can cause the emergence of thermopower anisotropy even in materials which in the 
undeformed state are fully isotropic thermoelectrically. 

There is another mechanism of thermopower anisotropy origination related to the 
manifestation of the electron-phonon drag effect. With the anisotropic nature of charge carrier energy 
spectrum, the phonon thermopower is anisotropic. In so doing, thermopower anisotropy can occur 
even with one type (variation) of carriers and one scattering mechanism, unlike the diffusion 
thermopower that has been analyzed above. 

Conclusions 
1. The ways of using anisotropic scattering theory for the analysis of the kinetic effects in the 

presence and absence of temperature gradient on n -Ge and n -Si crystals under study were 
considered. 

2. Based on the use of the generalized Ohm’s law the thermopower tensor was defined under crystal 
conditions ∇Т ≠ 0. 
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3. The most important mechanisms of thermopower anisotropy origination were analyzed in 
detail, and emphasis was placed on the peculiarities of this anisotropy in multi-valley 
semiconductors (n -Ge and n -Si) with their directional (uniaxial) elastic deformation. 
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RESEARCH ON THE FEATURES OF CONDUCTION MECHANISMS IN  
Hf1-хTmxNiSnTHERMOELECTRIC MATERIAL 

The crystal and electronic structures, the temperature and concentration dependencies of 
resistivity and the Seebeck coefficient of Hf1-xTmxNiSn thermoelectric material were studied in 
the range 40080 ÷=T  К, 30.001.0 ÷=x . The mechanisms for the simultaneous generation in a 
crystal of the acceptor and donor structural defects which change the compensation ratio of 
semiconductor material and determine conduction mechanisms in Hf1-xTmxNiSn were 
established.  
Keywords: electronic structure, resistivity, the Seebeck coefficient. 

Introduction 
This paper presents the results of research on Hf1-xTmxNiSn thermoelectric material obtained by 

heavy doping of n - HfNiSn semiconductor with the atoms of rare-earth Tm metal introduced by Hf 
substitution. Doping was performed for optimization of thermoelectric material parameters in order 
to obtain maximum values of thermoelectric figure of merit Z (Z = α2·σ/κ, where α is the Seebeck 
coefficient, σ is electric conductivity, κ is thermal conductivity) [1]. This motivated a research on the 
effect of Tm doping impurity on the change in structural, energy and kinetic characteristics of 
Hf1-xTmxNiSn thermoelectric material that allowed revealing the features of its conduction 
mechanisms.  

The interest in thermoelectric materials based on intermetallic semiconductors, in 
particular, n - HfNiSn, n - ZrNiSn and n - TiNiSn, is aroused by the high values of electric 
conductivity and the Seebeck coefficient [2, 3], as well as by reproducibility of characteristics up to 
Т ≈ 1300 K [4], assuring high efficiency of thermal into electric energy conversion in a wide 
temperature range. All the above mentioned makes intermetallic semiconductors one of the most 
extensively studied and promising thermoelectric materials [5 – 8].  

Investigation procedures  
The object to be investigated included crystalline structure, electronic density distribution 

(DOS), the electrokinetic and energy characteristics of Hf1-xTmxNiSn. The samples were synthesized 
in the laboratory of Institute for Physical Chemistry, Vienna University. The X-ray structural 
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analysis (powder method) was used to obtain the data arrays (diffractometer Guinier-Huber image 
plate system, CuKα1), and Fullprof program [9] was employed for the calculation of structural 
characteristics. The chemical and phase compositions of the samples were controlled by microprobe 
analyzer (EPMA, energy-dispersive X-ray analyzer). The electronic structure calculations were 
performed by the Korringa-Kohn-Rostoker (KKR) method in coherent potential approximation 
(CPA) and local density approximation (LDA) [10] with the use of Moruzzi-Janak-Williams 
exchange-correlation potential [11]. The accuracy of calculating the position of the Fermi level εF is 
± 8 meV. The temperature and concentration dependences of the electrical resistivity (ρ) and the 
Seebeck coefficient (α) were measured with respect to copper in the temperature range Т = 80 ÷ 400 K, in 

the samples of Hf1-xTmxNiSn, х = 0.01 ÷ 0.10 ( 20109.1 ⋅≈Tm
AN  см-3 ÷ 21109.1 ⋅  см-3). 

Research on the crystalline and electronic structures of Hf1-xTmxNiSn 
A microprobe analysis of the concentration of atoms on the surface of Hf1-xTmxNiSn, 

х = 0 ÷ 0.10, samples has shown their conformity to the initial charge compositions, and X-ray 
phase and structural analyses have revealed no traces of other phases in the samples. Refinement 
of Hf1-xTmxNiSn crystalline structure by the powder method has confirmed the result of [8] as 
regards crystal structure disorder of n - HfNiSn, the key point of which lies in a partial, up to ~1%, 
occupancy by Ni atoms of the crystallographic position 4а of Hf atoms, and the semiconductor 
formula can be written as (Hf1-уNiу)NiSn, у ≤ 0.01. If it is remembered that Ni (3d84s2) atom 
possesses a larger number of d-electrons than Hf (5d26s2) atom, a structural defect of the donor 
nature is created in a crystal (“a priori” doping with donors [3]), and electrons are the majority 
carriers. 

On the other hand, crystalline structure refinement of Hf1-xTmxNiSn, х = 0.01 ÷ 0.10, samples 
has shown that introduction of Tm atoms puts into order crystalline structure (“heals” structural 
defects), and Ni atoms leave the position of Hf (4а) atoms. Ordering of Hf1-xTmxNiSn structure 
makes it resistant, and the kinetic characteristics become reproducible during thermocycling. 
Besides, ordering contributes to the redistribution of the electronic density of states. If in n - 
HfNiSn there exist structural defects of the donor nature as a result of displacement of up to ~1% 
of Hf atoms by Ni atoms [8], then ordering of Hf1-xTmxNiSn structure is accompanied by the 
reduction in the number of donors, as long as Ni atoms leave the position of Hf atoms. On the other 
hand, as long as Tm (4f135d06s2) atom has two 5d – electrons less than Hf atom, structural defects 
of the acceptor nature are generated in the crystal.  

Thus, in Hf1-xTmxNiSn, х = 0 ÷ 0.01, there is a simultaneous reduction of the number of 
donors (Ni atoms leave position 4а of Hf atoms) and increase in the number of acceptors (Tm 
atoms occupy the position of Hf atoms). In this case, doping of n - HfNiSn semiconductor with the 
lowest concentrations of acceptor impurity (0 < х ≤ 0.02) will increase the compensation ratio (the 
ratio between donors and acceptors) [3, 12]. With concentrations of х > 0.01, when Ni atoms will 
leave position 4а of Hf atoms, the concentration of acceptors in a crystal will increase, the type of 
majority carriers must change and the compensation ratio will decrease. [2, 3].  

The electronic structure of Hf1-xTmxNiSn, х = 0 ÷ 0.01, was calculated for simulation of 
electric conductivity mechanisms, the Fermi level behaviour, the energy gap of semiconductor. As 
long as doping of n - HfNiSn with Tm atoms puts into order crystalline structure, calculation of the 
electronic density of states was done for the case of ordered structure version (Fig. 1а). 
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On introducing into n-HfNiSn of minimum attainable in experiment concentrations of Tm impurity, 
the Fermi level εF starts drifting from the conduction band εC, spaced ~ 81.3 meV from it [8], to the 
midgap εg (dashed line in Fig. 1а) at х ≈ 0.02 and then to the valence band, to cross it at х ≈ 0.04. 

  
a) b) 

Fig. 1. Calculation of the electronic density of states DOS (a) and a change in the values of the Seebeck 
coefficient (b) of Hf1-xTmxNiSn at the temperatures: 1 – 80; 2 – 160; 3 – 250; 4 – 380 К 

The drift of εF from the conduction band edge εC to the valence band εV also means a change in 
the ratio of Hf1-xTmxNiSn majority carriers. Thus, for the concentrations of Hf1-xTmxNiSn, х < 0.02, 
when the Fermi level εF is between the conduction band εC and the midgap εg, electrons are the 
majority carriers. Conversely, at х > 0.02 and right up to crossing by the Fermi level of the valence 
band, holes are the majority carriers. Besides, crossing of the valence band by the Fermi level εF will 
also cause a change from the activation to metal conduction mechanism (the dielectric-metal 
transition which is referred to as the Anderson transition [12]). 

Calculation of Hf1-xTmxNiSn electronic structure allows predicting the kinetic characteristics of 
thermoelectric material, in particular, the behaviour of the Seebeck coefficient α( , )x T  at different 
temperatures (Fig. 1b). Below is given the working formula used for the calculation of α( , )x T [12]: 

222πα( , ) ln (ε )
3 ε

B
F

k T dx T g
e d

⎛ ⎞= ⎜ ⎟
⎝ ⎠

, 

where g(εF) is density of states at the Fermi level. From Fig. 1b it is seen that at different 
concentrations of Tm one can obtain in thermoelectric material high values of the Seebeck coefficient 
of both signs, as well as of the electric conductivity, assuring high values of thermoelectric figure of 
merit [1].  

Thus, the results of calculation of the electronic density of states of Hf1-xTmxNiSn, based on 
structural research data, prove only the acceptor nature of structural defects generated in a crystal. 
The results of research on the kinetic characteristics of Hf1-xTmxNiSn will show the degree of 
conformity of such calculations to real processes occurring in material. 

Research on the electrokinetic and energy characteristics of Hf1-xTmxNiSn 

The temperature dependences of resistivity lnρ(1/ )T  and the Seebeck coefficient α(1 / )T  for 
Hf1-xTmxNiSn, х = 0 ÷ 0.10, presented in Fig. 2, are typical for heavily doped and compensated 
semiconductors with several activation areas, which is indicative of several conduction mechanisms 
[12]. From the high-temperature activation areas of lnρ(1/ )T  dependences the activation energy 

from the Fermi level εF to the bands of continuous energies ρ
1ε  was calculated, and from the same 
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α(1 / )T  dependences – the activation energies α
1ε  yielding the value of modulation amplitude of 

continuous energy bands for heavily doped compensated semiconductors [3, 12]. 

  

  
Fig. 2. Temperature dependences of the electric resistivity and the Seebeck coefficient of Hf1-xTmxNiSn 

The presence on the dependences lnρ(1/ )T  for Hf1-xTmxNiSn, х = 0 ÷ 0.07, of high-

temperature activation areas points to the arrangement of the Fermi level εF in the energy gap. The 
result obtained contradicts to the results of calculations of DOS (Fig. 1а) which predicted crossing by 
the Fermi level εF of the valence band at concentration Tm х ≈ 0.04 and the dielectric-metal 
conduction transition [12].For Hf1-xTmxNiSn, х = 0.10 the activation area on lnρ(1/ )T  is present only 
at low temperatures, pointing to hopping conduction mechanism in the impurity acceptor band.  

The negative values of the Seebeck coefficient of n - HfNiSn are understandable and related to 
“a priori doping” of base n - HfNiSn semiconductor with donors (position of Hf atoms up to ~1% is 
occupied with Ni atoms) [8]. Whereas in the sample of Hf1-xTmxNiSn, х = 0.01, the concentration of 
Tm acceptor impurity corresponds to concentration of donors available in n - HfNiSn (“a priori 
doping” [3]) and the state close to full compensation is realized, when the Fermi level must be 
located near the midgap εg. Thus,  the positive values of the Seebeck coefficient at low temperatures 
(Fig. 2, 3) indicate that concentration of generated acceptors with substitution of Hf atoms by Tm 
atoms exceeds the number of defects caused by disordered structure of HfNiSn, hence the Fermi level 
εF is fixed by impurity acceptor band (close to the valence band). However, at Т = 380 K the sign of the 
Seebeck coefficient of Hf1-xTmxNiSn, х = 0.01 (Fig. 3b) remains negative: α( 0.01) 3.13x = = −  µVK-1. 
Obviously, the number of ionized donors and acceptors changes with temperature [13]. An extreme 
point on α(1 / )T  dependence for the sample of Hf1-xTmxNiSn, х = 0.01, at Т ≈ 270 K reflects 
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crossing by the Fermi level of the midgap and a drift back to conduction band. It turns out that in 
Hf1-xTmxNiSn, х = 0.01, the concentration of donors exceeds that of acceptors, though they have to be 
equal. It can be assumed that donors are also generated in a crystal by the mechanism which is yet 
unknown.  

  
а) b) 

Fig. 3. Change in the values of electric resistivity ρ(x) (а) and the Seebeck coefficient α(x) (b)  
of Hf1-xTmxNiSn at the temperatures: 1 – 80; 2 – 160; 3 – 250; 4 – 380 К 

From the character of change in the values of resistivity ρ(х) Hf1-xTmxNiSn, х = 0 ÷ 0.01, at 
different temperatures (Fig. 3а) one can see the above described structural feature of semiconductor 
which accounts for a simultaneous reduction of free electrons by two mechanisms: (1) – decreasing 
the number of donors, when Ni atoms leave position 4а of Hf atoms(“healing” of donor-nature 
defects) and (2) – freezing out of free electrons to acceptor band generated at occupation by Tm 
atoms of the position of Hf atoms. Thus, introduction of the lowest concentration of Tm (х = 0.01) at 
the temperature of 80 K is accompanied by a reduction in the electric resistivity values from 
ρ( 0) 1029.1x = =  µΩ·m до ρ( 0.01) 902.32x = =  µΩ·m and ρ( 0.03) 169.31x = =  µΩ·m. With a 
lower concentration of introduced acceptors or a larger concentration of free electrons we would 
have observed growth of ρ(х) values due to a reduction in the number of free electrons in n - type 
semiconductor at doping with acceptors. We however immediately get a p - type semiconductor. On 
the other hand, a maximum on dependence ρ(х) of Hf1-xTmxNiSn, х ≥ 0.01, at temperatures Т ≥ 160 K 
(Fig. 3а) shows that the Fermi level εF drifts to the midgap εg, which is accompanied by a reduction 
in the number of free electrons by the hitherto unknown mechanism that changes the semiconductor 
compensation ratio.  

For the cases of Hf1-xTmxNiSn, х = 0.02 ÷ 0.10, the positive values of the Seebeck coefficient at 
low temperatures indicate that the concentration of acceptor defects generated in a crystal is greater 
than that of donor defects, and the Fermi level εF is fixed on the impurity acceptor band. The proof of 
the fact that the Fermi level εF drifts in the direction of Hf1-xTmxNiSn valence band is the behaviour of 
the Seebeck coefficient α(x) (Fig. 3b). Thus, the Seebeck coefficient at 80 K changes from the values 
of α( 0) 178.1x = = −  µVK-1 to α( 0.01) 0.82x = =  µVK-1 and α( 0.03) 6.82x = =  µVK-1, which 
testifies to a change in the type of majority carriers from electrons, at х = 0, to holes, at х ≥ 0.01.  

Now, the high-temperature activation area on dependences lnρ(1/ )T  of Hf1-xTmxNiSn, 
х = 0.02 ÷ 0.10 (Fig. 2) is a manifestation of thermal flow of holes from the Fermi level which is 
fixed by acceptor band to the valence band, increasing the number of free holes. Instead, the 
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metallic dependence lnρ(1/ )T  at high temperatures and the positive values of the Seebeck 

coefficient for Hf1-xTmxNiSn, х = 0.10, testify that the Fermi level εF has crossed the valence band 
ceiling, i.e. the dielectric–metal conduction transition has taken place [12]. In so doing, at Т < 250 K, 
the hopping conduction mechanism shows that the Fermi level εF leaves the valence band for the 
energy gap. This is possible only on condition of donors appearing in a semiconductor by the hitherto 
unknown mechanism which compensate the introduced acceptors and force the Fermi level εF to 
leave the valence band.  

In this context it is interesting to trace the character of change in the energy 
characteristics of Hf1-xTmxNiSn obtained from the experimental investigations. From Fig. 4 it is 
seen that in Hf1-xTmxNiSn with increasing concentration of acceptors there is a reduction in the 
values of activation energy ( )ρ

1ε x . It is important to explain that the value of energy ( )ρ
1ε x  for the 

undoped semiconductor n-HfNiSn represents the energy gap between the position of the Fermi level 
εF and the conduction band edge. At the same time, the values of activation energy ( )ρ

1ε x  for the 

lowest and all subsequent concentrations of Tm atoms represent the energy gap between εF and the 
valence band edge. The fact that the value of activation energy ( )ρ

1ε 0x =  falls on dependence ( )ρ
1ε x  

is quite accidental.  

 

Fig. 4. Change in the values of activation energy ( )ρ
1ε x  (1) and ( )α

1ε x  (2) of Hf1-xTmxNiSn 

An assumption of the simultaneous generation in Hf1-xTmxNiSn, in addition to acceptors, of 
unknown structural defects of the donor nature is substantiated when analyzing the drift rate of the 
Fermi level. If we compare the drift rate of the Fermi level εF to the valence band, obtained both from 
the calculations of DOS (Fig. 1а), when only acceptor structural defects are generated in a crystal, 
and from the experimental investigations (Fig. 4), in the experiment it is less by a factor of ~ 2.5. 
What might “impede” this drift? 

As long as the position of the Fermi level εF determines the ratio between donors and acceptors 
(compensation ratio), an obvious conclusion offers itself again that in Hf1-xTmxNiSn not only acceptor 
structural defects are generated, but also donors of unknown mechanism which “impede” the drift of 
the Fermi level εF towards the valence band.  

Moreover, from the behaviour of ( )ρ
1ε x  (Fig. 4) it is obvious that in the area of Tm 

impurity concentration х = 0 ÷ 0.03 the drift rate of the Fermi level εF to the valence band edge 
is ΔεF / Δx = 22.6 meV/% Tm, and in the area of х = 0.03 ÷ 0.10 – ΔεF / Δx = 2.3 meV/% Tm. 



 V.A.Romaka, P.-F.Rogl, L.P.Romaka, V.Ya.Krayovskyy, Yu.V.Stadnyk, D.Kaczorowski, A.M.Horyn 
Research on the features of conduction mechanisms in Hf1-хTmxNiSn thermoelectric material. 

 Journal of Thermoelectricity №6, 2015 ISSN 1607-8829 48 

At first sight, the result obtained seems to be illogical. As long as the concentration of Tm acceptor 
impurity is increased according to linear law, structural defects of the acceptor nature would have to 
be generated in a crystal in similar fashion. In such a case, why the Fermi level does not drift to the 
valence band edge according to the same law? What is it that again “impedes” this motion, reducing 
the drift rate of the Fermi level εF? This can occur only on condition when in Hf1-xTmxNiSn, in 
addition to acceptors, there are donors generated by unknown mechanism, their generation rate 
increasing with Tm concentration growth.  

The simultaneous generation in a crystal of the donor and acceptor structural defects with 
different rate is accompanied by a change in the compensation ratio, as well a change in the 
modulation amplitude of continuous energy bands of heavily doped compensated semiconductors [3, 12] 
according to the law reflecting the ratio between ionized acceptors and donors. Fig. 4 shows a change 
in the values of activation energy ( )α

1ε x , proportional to the modulation amplitude of continuous 

energy bands of Hf1-xTmxNiSn. It can be seen that in the case of n - HfNiSn the modulation amplitude 
is ( )α

1ε 0 50.9x = =  meV. Introduction into n-type semiconductor of the least in the experiment 

concentration of Tm impurity corresponding to composition х = 0.01, is accompanied by a drastic 
increase in the compensation ratio, as indicated by the modulation amplitude 

( )α
1ε 0.01 80.5x = = meV. Moreover, at concentration х = 0.01 the type of semiconductor conduction 

is changed, i.e. holes become the majority carriers.  
Doping of now semiconductor р - Hf1-xTmxNiSn, х = 0.01 with Tm acceptor impurity reduces 

the compensation degree, that is, the difference in the number of ionized acceptors and donors will 
increase, which is manifested in the reduction of modulation amplitude values ( )α

1ε 0.03 23.1x = =  meV, 

and on the dependence ( )α
1ε x  there will appear a maximum. It is clear that further doping of p-type 

semiconductor with acceptor impurity will only reduce the compensation ratio, and the values of 
modulation amplitude of continuous energy bands will be reduced as well (Fig. 4). Taking into 
account that in experiment the concentration of acceptors is linearly increased in a semiconductor 
where holes are majority carriers, it would be logical to expect the same reduction in the modulation 
amplitude values of Hf1-xTmxNiSn continuous energy bands. However, a change in the values of 
dependence ( )α

1ε x  (Fig. 4) for the cases of х > 0.01 reminds a change in the values of ( )ρ
1ε x , which 

can testify to the simultaneous generation in a crystal of acceptors and donors by unknown 
mechanism. 

Thus, the results of kinetic investigations of Hf1-xTmxNiSn enable us to speak of a complicated 
mechanism for the simultaneous generation in a crystal of the acceptor and donor structural defects 
on introducing the atoms of rare-earth Tm metal into the structure of HfNiSn compound by 
substitution of Hf atoms. Note that no such defects have been revealed by structural investigations, as 
long as their concentration is beyond the accuracy of X-ray investigation methods.  

For the identification of defects that determine conduction mechanism of Hf1-xTmxNiSn 
thermoelectric material, the following method proposed in [3] was employed. The electronic 
structure of Hf1-xTmxNiSn was calculated for different variants of atoms arrangement in the unit cell 
sites and for a different degree of occupancy of crystallographic positions of all atoms by proper or 
foreign atoms. In so doing, the drift rate of the Fermi level εF was “tied” to the numerical values of 
activation energy ρ

1ε  from the Fermi level εF to the valence band edge of Hf1-xTmxNiSn, and the 
compensation ratio was sought for to assure the experimentally established drift rate of the Fermi 
level (Fig. 4, curve 1). It turned out that the most acceptable version of atoms arrangement provides 
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for the emergence of vacancies in position (4b) of Sn atoms, whose concentration grows with 
increase in the number of Tm atoms. Based on the new results of the spatial arrangement of atoms in 
Hf1-xTmxNiSn crystalline structure, more refined calculations were made of the electronic density of 
states distribution and, specifically, the density of states at the Fermi level g(εF), as well as the 
Seebeck coefficient at different temperatures (Fig. 5) that are in complete agreement with the results 
of experimental investigations.  

  
a) b) 

Fig. 5. Refined calculation of the electronic density of states DOS (a) and a change in the values 
 of the Seebeck coefficient (b) of Hf1-xTmxNiSn at the temperatures: 1 – 80; 2 – 160; 3 – 250; 4 – 380 К  

Conclusions 
Thus, as a result of integrated research on the structural, energy and kinetic characteristics 

of n - HfNiSn intermetallic semiconductor heavily doped with the atoms of rare-earth Tm metal, the 
mechanisms for the simultaneous generation in a crystal of structural defects of the acceptor and 
donor nature have been revealed that change the compensation ratio of thermoelectric material and 
determine the electric conduction mechanisms. 

The work was performed in the framework of grants of the National Academy of Sciences and 
Ministry of Education and Science of Ukraine, № 0113U007687 and № 0114U005464.  
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OPTIMIZATION OF POWER SUPPLY 
SYSTEM OF THERMOELECTRIC LIQUID-LIQUID HEAT PUMP 

 The paper presents the results of computer simulation of liquid-liquid thermoelectric heat pump. 
The most rational variants of power supply to heat pump have been considered. Multi-parameter 
computer optimization has been used to determine  parameters of power supply  system of 
thermoelectric heat pump making possible to increase its heating coeffciient by 15%. 

Key words: thermoelectric heat pump, computer simulation, water recovery system. 

Introduction 
General characterization of the problem. The use of thermoelectric heat pumps (THP) in 

air and liquid conditioning systems, special-purpose evaporators is related to their unique 
properties [1 – 5].  

An example of efficient application of thermoelectric heat pumps is provided by systems 
of water recovery from liquid biowaste on board of manned spacecrafts (urine, atmosphere 
humidity condensate, sanitary-hygiene water) [4, 5]. 

Paper [8] presents the results of computer simulation of liquid-liquid thermoelectric heat 
pump. Multi - parameter computer optimization has been used to determine design parameters of 
the arrangement of thermoelectric modules and heat exchangers of thermoelectric heat pump. 
The next step of this work is computer optimization of the parameters of power supply system of 
thermoelectric heat pump, making possible its further efficiency increase. 

The purpose of this work is to increase the efficiency of power supply system of 
thermoelectric heat pump by means of multiparameter computer simulation and optimization. 

Physical model of THP 
A physical model of thermoelectric heat pump is represented in Fig. 1. It comprises a 

liquid heat exchange system assuring passage of heat flux Qc through the cold side of 
thermoelectric modules 1, thermoelectric modules 2 consisting of semiconductor n - and p – type 
legs and a liquid heat exchange system 3 assuring passage of heat flux Qh through their hot side. 

Heat carrier (urine, atmospheric humidity condensate, sanitary-hygiene water) circulates in 
liquid heat exchange system at a rate of G ml/s. Two variants of heat carrier connection were 
considered. In the first case heat carriers in the hot 3 and cold 1 heat exchange system move in 
the same direction (1.1 → 1.2; 2.1 → 2.2), and in the second case – opposite to each other (1.1 
→1.2; 2.2 → 2.1). 
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Fig. 1. Physical model of thermoelectric heat pump.  

Moreover, various variants of power supply W to thermoelectric modules 2 were considered: 
1) all the modules are powered by the same current and voltage, optimal for the entire heat pump; 
2) the modules are grouped into sections with individually optimized power supply; 
3) power supply to all thermoelectric modules is done individually. 

Mathematical and computer description of the model 
To describe heat and current fluxes, let us use the laws of conservation of energy 

 0divE =
r

 (1) 
and electric charge 

 j 0,div =
r

 (2) 
where 

 j,E q U= +
rr r  (3) 

 α ,q T Tj= κ∇ +
rr  (4) 

 j σ σα .U T= − ∇ − ∇
r

 (5) 

Here E
r

 is energy flux density, qr  is thermal flux density, j
r

 is electric current density, U  is electric 

potential, T is temperature, α, σ, κ are the Seebeck coefficient, electric conductivity and thermal 
conductivity.  
With regard to (3) – (5), one can obtain 

 
2( α σ α σ) (ασ σ) .E T U T T U U= − κ + + ∇ − + ∇

r
 (6) 

Then the laws of conservation (1), (2) will acquire the form: 

 [ ]2( α σ α σ) (ασ σ) 0,T U T T U U⎡ ⎤−∇ κ + + ∇ −∇ + ∇ =⎣ ⎦  (7) 

 (σα ) (σ ) 0.T U−∇ ∇ −∇ ∇ =  (8) 
These nonlinear differential equations of second order in partial derivatives (7) and (8) 

determine the distribution of temperature Т and potential U in thermoelements. 
An equation describing the process of heat transport in the walls of heat exchangers in the 
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steady-state case is written as follows: 

 1 1 1(-  ) ,k T Q∇ ⋅∇ =  (9) 

where k1 is thermal conductivity of heat exchanger walls, 1T∇  is temperature gradient, Q1 is heat 
flux. 

The processes of heat-and-mass transfer in heat exchanger channels in the steady-state case are 
described by equations [9] 

 
0,

2D
h

p f v v F
d
ρ

−Δ − + =
urr

 
(10) 

 ( ρ ) 0,A v∇ =
r

 (11) 

 

3
2 2 2 2

ρρ ,p D wall
h

AAC v T Ak T f v Q Q
d

⋅∇ = ∇ ⋅ ∇ + + +
r r

 
(12) 

where p is pressure, ρ  is heat carrier density, А is cross-section of the tube, F
r

 is the sum of all 

forces, pC  is heat carrier heat capacity, 2T is temperature, vr  is velocity vector, k2 is heat carrier 

thermal conductivity, Df  is the Darcy coefficient, 4Ad
Z

=  is effective diameter, Z is perimeter of 

tube wall, 2Q is heat which is released due to viscous friction [W/m] (from the unit length of heat 

exchanger), wallQ  is heat flux coming from the heat carrier to tube walls [W/m] 

 ( )1 2 ,wallQ h Z T T⋅= ⋅ −  (13) 

where h is heat exchange coefficient which is found from equation 

 
2 .Nu kh

d
⋅

=  (14) 

The Nusselt number is determined with the use of the Gnielinski equation (3000 < Re < 6·106, 
0.5 < Pr < 2000) 

 

( )
1

22
3

1000
8 ,

1 12.7 1
8

d

d

f Re Pr
Nu

f Pr

⎛ ⎞ −⎜ ⎟
⎝ ⎠=

⎛ ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (15) 

where 
2

μpC
Pr

k
=  is the Prandtl number, μ is dynamic viscosity, ρ

μ
vdRe = is the Reynolds number. 

To determine the Darcy coefficient Df  we will use the Churchill equation for the entire 
spectrum of the Reynolds number and all values of /e d  (e is roughness of wall surface) 

 
( )

1/1212
1.5 ,88Df A B

Re
−⎡ ⎤

= + +⎢ ⎥
⎣ ⎦

 (16) 

where ( )
160.972.457 ln 0. 7 ,2 /A e d

Re

⎡ ⎤⎛ ⎞⎛ ⎞= − ⋅ +⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦
 

1637530 .B
Re

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 

Solving Eqs.(7) – (12), we obtain the distributions of temperatures, electric potential (for 
thermoelements), velocities and pressure (for heat carrier). 

The above differential equations with the respective boundary conditions were solved using 
Comsol Multiphysics package of applied programs. It was used to perform a multiparameter 
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optimization of thermoelectric heat pump design and to determine the electric and thermal 
parameters for the achievement of boundary values of its heating coefficient when assuring the 
possibility of THP operation under severe conditions of manned space missions. 

Computer simulation results 
The external appearance of thermoelectric heat pump is represented in Fig. 2.  

 
Fig. 2. Thermoelectric heat pump: 

1 – external appearance, 2 – schematic of connection of  
one row of heat exchangers 4, 3 – thermoelectric modules. 

Below are given the results of optimization of the parameters of electric power supply to 
thermoelectric modules (according to model in item 1) for real thermal and temperature operating 
conditions of the heat pump. The results of computer investigations of thermoelectric module design, 
as well as heat exchange system are very important and will be presented in detail in the next work. 

The initial data: 
electric power supply to thermoelectric modules – 300 W; 
the number of thermoelectric modules – 80 pcs; 
heat carrier temperature at inlet to hot heat transfer loop – 36ºС; 
heat carrier temperature at inlet to cold heat transfer loop – 31.5ºС; 
hydraulic resistance of each heat-transfer loop – not more than 0.07 atm; 
heat carrier flow rate in each loop – not more than 22 ml/s. 

Thus, the values of integral heating coefficient were calculated for different variants of electric 
power supply to thermoelectric modules: 
1) all the modules are powered by the same current and voltage, optimal for the entire heat pump; 
2) the modules are grouped into two sections with individually optimized power supply; 
3) the modules are grouped into four sections with individually optimized power supply; 
4) all thermoelectric modules are powered by optimal current individually (80 conventional sections). 
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Fig. 3. Heating coefficient of thermoelectric heat pump versus the number of sections  

for two different hydraulic connections of heat carriers. 

According to the results of simulation (Fig. 3), with such a hydraulic connection of the hot 
and cold heat exchange loops, when both heat carriers move in the opposite directions (direction 
1.1 →1.2; 2.2 → 2.1 in Fig. 1), the heating coefficient of the heat pump is essentially independent 
of the number of sections and is at the level of ∼ 2.6 ÷ 2.7. However, in the case when heat carriers 
move in the same direction (direction 1.1 →1.2; 2.1 → 2.2 in Fig. 1), increasing the number of 
sections with individual optimal power supply leads to heating coefficient growth to ∼ 3.0 ÷ 3.1. 
The increase in heating coefficient of thermoelectric heat pump by 15% for such conditions is due 
to the fact that dependence of heating coefficient of thermoelectric modules on temperature 
difference and supply current in each section is nonlinear. In this case the use of several 
independent sections allows most efficient realization of all the advantages of thermoelectric 
power conversion in each temperature range. 

Conclusions 
1. The method of multiparameter computer optimization of thermoelectric heat pumps has been 

developed. 
2. The optimal energy parameters of thermoelectric heat pump have been calculated for real 

conditions of its operation.  
3. It has been established that increasing the number of sections of thermoelectric heat pump with 

individual electric power supply to each section results in the growth of integral heating coefficient 
by 15%. 

4. It has been shown that the most efficient hydraulic connection of the hot and cold heat exchange 
loops is the case when both heat carriers move in the same direction. 
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COMPUTER SIMULATION OF LOCAL 
THERMAL EFFECT ON BIOLOGICAL TISSUE 

The physical, mathematical and computer models of local thermal effects on biological 
tissue are constructed in this paper. The thermal effect of thermoelectric device work 
instrument on biological tissue for destruction of cancer tumours is investigated by 
computer simulation. Temperature distributions in biological tissue and work instrument in 
cooling and heating modes are determined. The obtained results make it possible to 
optimize device design to achieve the required depth of biological tissue freezing, and the 
maximum effect at destruction of cancer tumours. 
Keywords: thermoelectric cooling, cryodestruction, hyperthermia, biological tissue, 
computer simulation. 

Introduction 
It is known that the use of cooling in surgery [2] promotes the reduction of blood loss, 

weakens pain severity and duration, and prevents microbial contamination and metastasis 
spread. A deeper cooling (to -60 °C), followed by destruction of biological tissue structure, is 
also used in medical practice for cryodestruction [2 – 11]. In so doing, blood circulation, 
oxygen delivery, nutrient enrichment, tissue respiration and all biochemical processes are 
completely stopped. As a result, the death of cells, wherein all vital processes have been 
continuously paralyzed, occurs. A similar effect with using elevated temperatures - 
hyperthermia (+39 ÷ +45 °C) for the destruction of benign neoplasms is observed, which leads 
to thermal damage and destruction of cancer cells, while healthy cells remain undamaged.  

The above mechanisms of thermal effect on biological tissue show that thermoelectric 
cooling and heating have good prospects for surgery. It is due to their advantages, namely 
possibility of setting precisely the required temperature of work instrument surface, the 
duration of temperature effect on the corresponding part of human body, and a cyclic change 
of cooling and heating modes [12, 13]. However, the use of reduced and elevated temperatures 
in medical practice requires a comprehensive in-depth study of the characteristic features of 
thermal effects in healthy and affected tissues, which is a complicated task that requires 
creation of precise physical and mathematical models and the use of computer simulation. 

Therefore, the purpose of this paper is to develop computer simulation method which 
will make it possible to predict the results of local thermal effect on biological tissue at the 
destruction of cancer tumours. 
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Physical, mathematical and computer models of local thermal effect on biological tissue  

Prediction of thermal effect on biological tissue is an intricate multi-parameter task, which 
depends on the temperature and geometry of the work instrument, the cooling rate, the time of 
exposure, as well as the size and structure of biological tissue. 

To solve this task, a method of analytical simulation of frozen tissue is generally used.  
There is a fair amount of models describing the processes of freezing around cryotools which differ 

in complexity [14 – 17]. Analytical simulation for the estimation of the freezing area size is critical as 
a method for analysis and optimization of cryodestruction efficiency and as a basis for calculation of 
designs and systems of cryotools for deep cooling of cryosurgical equipment. Introduction of 
mathematical methods for prediction of thermal effect results will depend on the accuracy of 
description of thermal processes occurring during freezing of living tissues and accompanying phase 
transitions [18, 19]. 

In order to make preliminary prediction of the results of local thermal effects on biological 
tissue, physical (Fig. 1), mathematical and computer models have been developed. 

 
Fig. 1. A physical model of local thermal effect on biological tissue:  

1 – biological tissue, 2 – work instrument, 3 - insulation, 
 4 - two-stage thermoelectric module, 5 - liquid heat exchanger, 

 6 - pump, 7 - fan, 8 - liquid-air heat exchanger. 

Structurally, a model consists of a work instrument, thermal insulation of the work instrument 
lateral surface; 2 two-stage thermoelectric modules, on the hot sides of which liquid heat exchangers 
are mounted, a circulation pump, which pumps the water through the channels; a fan and a liquid-air 
heat exchanger, which cool the liquid pumped. Since it is necessary to achieve the lowest possible 
temperature values for the destruction, thermoelectric modules which are characterized by increased 
temperature difference ΔΤmax are used. 

The heat flow through the thermoelectric modules: 

2 1= + HQ Q Q ,      (1) 



R. R. Kobylianskyi, I. A. Moskalyk. 
 Computer simulation of local thermal effect on biological tissue. 

ISSN 1607-8829 Journal of Thermoelectricity №6, 2015   59

where Q1 is the heat flow from the tumor, Qhg  is the heat inleak through the lateral surface of the 
work instrument. 

The heat flow from the thermoelectric modules: 

3 2= +Q Q W ,      (2) 

where W is the power of thermoelectric modules. 
The heat flux transferred to water from the hot side of the modules: 

4 4 4 5 6( )= α −Q S T T .     (3) 

The heat flux transferred to the liquid-air heat exchanger from water: 

5 5 5 6 7( )= α −Q S T T .     (4) 

The heat flux transferred to environment from the liquid-air heat exchanger: 

                                                         6 6 6 7 8( )= α −Q S T T ,                                                               (5) 

where α4, α5, α6 are the heat transfer coefficients, S4, S5, S6 are the heat exchange surface areas. 
To determine the temperature distribution in the structural components of thermoelectric 

device for cancer tumours destruction in biological tissue (liver affected with cancer), Comsol 
Multiphysics software package is used [20, 21] which allows simulation of thermophysical processes 
in biological tissue with regard to blood circulation and metabolism. The heat transfer equation in 
biological tissue in this case will take on the form: 

( ) ( )∂
ρ +∇ ⋅ − ∇ = ρ − +

∂p b b b b met
TC k T C T T Q
t

ω ,                        (6) 

where: ρb  is blood density (kg/m3), Cb  is specific heat (J/kg*K), ωb is blood circulation rate (1/sec), 
Tb is arterial blood temperature (K), Qmet is the amount of heat due to metabolism (W/m3). 

 
Fig. 2. Finite element method mesh. 
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Calculation of temperature and heat flux density distribution in biological tissue and work 
instrument is carried out by the finite element method [22] (Fig. 2). 

Computer model is a bulk of the biological tissue with the isotropic thermal properties. A needle 
made of high thermal conductivity material fixed on the rod of the same material is placed inside the 
tissue. The rod, surrounded by thermal insulation, is in heat exchange state with the environment. The 
temperature at the end of the rod is preset and equals to -50 °C. The boundary condition in the area 
sufficiently distant from the probe, where the temperature should be equal to body temperature, is 37 °C. 
In the process of freezing, cells will be subject to phase change at freezing point. The tissue properties in 
frozen and unfrozen states are shown in Table 1. In the temperature range of -1 ÷ -8 °C, when the cells are 
frozen, the latent heat of the phase transition is absorbed and can be simulated by adding the 
corresponding value to specific heat [23]. 

Table 1. 

The properties of biological tissue in frozen and unfrozen states [24] 

 Unit Value 
Specific heat of frozen tissue MJ/m3 °С 1.8 

Specific heat of unfrozen tissue MJ/m3 °С 3.6 
Specific heat of blood MJ/m3 °С 3.6 

Thermal conductivity of unfrozen tissue W/ m °C 0.5 
Thermal conductivity of frozen tissue W/m °C 2 

Latent heat MJ/m3 250 
Body temperature °С 37 

Lower phase transition temperature °С -8 
Upper transition temperature °С -1 

Blood perfusion in healthy tissue ml / s / ml 0.0005 
Blood perfusion in tumour ml/s/ml 0.002 

Metabolism in normal tissue W/m3 4200 
Metabolism in tumour W/m3 42000 

Moreover, at freezing of biological tissue, blood vessels in capillaries are constricted to 
freezing of all the blood, the value ωb tending to zero. In this case, the cells will not be able to 
generate metabolic heat, and Qmet will be equal to zero. 

Work instrument optimization 

Temperature distributions in the work instrument and tumor for heating and cooling 
modes were investigated, which allowed optimization of thermoelectric device work instrument 
for the destruction of oncologic neoplasms. Dependences of freezing depth and needle 
temperature on the diameter and length of work instrument and needle diameter were 
determined. 

As an example, Fig. 3 shows a typical temperature distribution in the work instrument 
and biological tissue in cooling mode. For this case: rod diameter is 8 mm, rod length is 40 mm, 
insulation thickness is 5 mm, needle length is 7 mm, needle diameter is 2 mm. Curves 1, 2 are 
isotherms - 1°С and - 8 °С, respectively. Temperature distribution along half-sphere radius of 
the work instrument thermal effect (lines R in Fig. 3) is shown in Fig. 4. 
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Fig. 3. Typical temperature distribution in the work instrument 
 and biological tissue in cooling mode. 

 
Fig. 4. Temperature distribution along half-sphere radius 

 of device thermal effect for cooling mode. 

Similar distributions for heating mode are shown in Figs. 5 – 6. Fig. 5 shows a typical 
temperature distribution in the work instrument and biological tissue, Fig. 6 – temperature 
distribution along line R. 

 
Fig. 5. Typical temperature distribution in the work instrument 

t and biological tissue in heating mode. 
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Fig. 6. Temperature distribution along half-sphere radius 

 of device thermal effect for heating mode. 

Figs. 7 – 11 show the dependences of needle temperature and freezing depth on the rod 
diameter at different rod lengths. Insulation thickness his = 5 mm, needle diameter dn = 2 mm, needle 
length hn = 7 mm. 

 
Fig. 7. Dependences of needle temperature (Тn) and freezing depth (lfreez1 is the distance t 

o isotherm with temperature -1 ° С, lfreez2  is the distance to isotherm with  
temperature -8 ° С) on rod diameter (rod length 10 mm). 

 
Fig. 8. Dependences of needle temperature (Тn) and freezing depth (freez1 is the  

distance to isotherm with temperature -1 ° С, lfreez2  is the distance 
 to isotherm with temperature -8 ° С) on rod diameter (rod length 20 mm). 
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Fig. 9. Dependences of needle temperature (Тn) and freezing depth 
 (lfreez1 is the distance to isotherm with temperature -1 ° С, lfreez2  is the distance  

to isotherm with temperature -8 ° С) on rod diameter (rod length 40 mm). 

 
Fig. 10. Dependences of needle temperature (Тn) and freezing depth 

 (lfreez1 is the distance to isotherm with temperature -1 ° С, lfreez2  is the distance  
to isotherm with temperature -8 ° С) on rod diameter (rod length 60 mm). 

 

Fig. 11. Dependences of needle temperature (Тn) and freezing depth  
(lfreez1 is the distance to isotherm at temperature -1 ° С, lfreez2 – distance to isotherm  

with temperature  -8 ° С) on rod diameter (rod length 80 mm). 
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Fig. 12. Dependences of needle temperature (Тn) and freezing depth (h) 
 on insulation thickness (dn = 1 mm, hn = 10mm, hrod = 80 mm). 

Dependences of needle temperature and freezing depth on insulation thickness are shown in Fig. 12. 
Rod diameter drod = 8 mm, rod length lrod = 40 mm, needle diameter dn = 2 mm, needle length hn = 7 mm. 

Dependences of needle temperature and freezing depth on needle diameter are shown in Fig. 13. 
Rod diameter drod = 8 mm, rod length lrod = 40mm, insulation thickness hins = 5 mm, needle length hn = 7 mm. 

Dependences of needle temperature and freezing depth on needle length are shown in Fig.14. Rod 
diameter drod = 8 mm, rod length lrod = 40 mm, insulation thickness hins = 5 mm, needle diameter dn = 2 mm. 

  
Fig. 13. Dependences of needle temperature (Тn ) and 

freezing depth (h) on needle diameter  
 (drod = 8, lrod = 40, hins = 5, hn = 7 mm). 

Fig. 14. Dependences of needle temperature (Тn) and 
freezing depth (h) on needle length 

 (drod = 8, lrod = 40, hins = 5, dn = 2 mm). 

The obtained results allow optimizing device design to achieve the required biological tissue 
freezing depth and maximum effect at destruction of oncologic neoplasms. 

Conclusions  

1. The physical, mathematical and computer models of local thermal effects on biological tissue have been 
constructed. 

2. Computer simulation method has been developed, which allows predicting the results of local thermal 
effect on biological tissue at destruction of oncologic neoplasms. 

3. Analysis of temperature distribution in biological tissue at cyclic cooling and heating effect has been 
performed. Optimal geometric size of work instrument to achieve maximum therapeutic effect has been 
determined.  
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RESULTS OF THEORETICAL RESEARCH ON COOLING SYSTEM  
FOR RADIO ELECTRONIC EQUIPMENT ELEMENTS  

WORKING IN THE INTERMITTENT HEAT 
 RELEASE MODE  

The paper deals with cooling system for radio electronic equipment elements working in the 
intermittent heat release mode based on melting working agents with the additional heat removal 
via a thermopile. The basic design ratios for its theoretical study are given. Dependences of REE 
element stable operation time, as well as its temperature characteristics with provision of its 
thermal conditions by the system in question are represented. 
Key words: cooling system, REE element, heat exchange, melting working agent, melting, 
solidification, thermopile, simulation. 

Introduction 

In the design of radio electronic equipment (REE) intended for work in a wide range of thermal 
loads, one has to take into account the impact of temperature on its characteristics and parameters. If 
the latter go beyond the limits permissible for its normal operation, recourse is made to some or other 
cooling and temperature stabilization methods. 

At the present time, in the practice of REE design, various methods are used for provision of 
its thermal conditions, among which special mention should go to air, liquid, conductive, 
evaporative, thermoelectric, and some special methods [1 – 3]. Each of the above methods has its 
strong and weak points. In particular, REE cooling on the basis of air and conductive methods is 
inefficient because of the low intensity of heat removal and temperature accuracy. Liquid and 
evaporative thermal stabilization system is difficult to make and requires bulky equipment of 
complicated design. Moreover, in this case a source of electric energy is needed for power supply to 
cooling systems. 

A promising method for cooling REE working in the intermittent heat release mode is based on 
the use of melting working agents with a stable melting temperature [4]. Structurally, devices that 
implement this method have the form of a container filled with a melting working agent. A REE 
element is brought into direct contact with this container and can be arranged both inside the 
container and on its surface [5]. During operation, the basic part of heat dissipated by equipment 
element or unit is absorbed due to latent heat of agent melting. On termination of equipment 
operation, the agent is cooled down and solidified as a result of heat exchange with the environment.  

The main disadvantage of such systems restricting their application for cooling REE with high 
heat flux densities is a need to maintain working agent in the state of phase transition during the 
entire operation period of electronic device. Since the element, while in operation, releases 
considerable powers, in many cases the heat storage capacity of working agent proves to be 
insufficient to provide for the required temperature mode during the entire operation period (working 
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agent will be clear-melted by the end of the element operation cycle).  
In this context, on cooling of high-power radio electronic devices with the use of melting working 

agents it is worthwhile to use some additional cooling system for removal of excess heat from the 
working agent. As regards the energy and mass-dimensional parameters, good use can be made of a 
thermopile as such additional cooling system. A similar system was considered in [6], where its different 
embodiments are described, characterized in different ways of orientation of a container with melting 
working agent and a thermopile, as well as in different operation modes.  

The purpose of this paper is development of a mathematical model and theoretical studies of the 
herein described system of heat removal from REE elements working in the intermittent heat release 
mode which is based on a joint use of working agents melting in given temperature range and 
thermoelectric cooling method. 

Design of cooling system for radio electronic equipment elements working in the 
intermittent heat release mode 

Fig. 1 represents structural schematic of system under consideration, and Fig. 2 – its appearance. 
Here, thermopile 1 is brought into good thermal contact with the end surface of a thin-walled metal 
container 2 filled with working agent 3, on the other surface of which a radio electronic equipment 
element 4 is mounted. The thermopile works in the intervals of heat release element operation. 

 

The operating principle of device is as follows. Heat coming from REE element 4 is passed to 
metal container 2 and through contact surface to working agent 3. Then there is a simultaneous warm 
up of working agent 3 to melting temperature, and melting process takes place accompanied by 
absorption of heat released by REE. On termination of operating cycle of REE element 4, the 
working agent 3 is cooled down and solidified due to heat removal by thermopile 1 working in 
cooling mode. Solidification time of working agent 3 in this case is attained by increasing the 
intensity of heat removal.  

A mathematical model of cooling system for REE elements working in the 
intermittent heat release mode 

Mathematical simulation of cooling system considered includes investigation of 

Fig. 1. Structural schematic of a system for 
cooling radio electronic equipment elements 

working in the intermittent heat release 
mode. 

4 

2 

3

1 

5 

Fig. 2. Appearance of a system for 
cooling radio electronic equipment 
elements working in the intermittent 

heat release mode. 
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thermophysical processes upon melting and solidification of working agent, as well as calculation of 
an appropriate thermopile. 

Simulation of processes related to a change in the aggregate state of working agent was done 
by solving Stephan’s problem with the use of Leybenzon’s method [7]. The principle of the 
approximate solution method lies in the selection of such functions of the liquid and solid phase 
temperature variation that would meet the required initial and boundary conditions. The thus selected 
functions are substituted into phase matching condition at phase interface, and the resulting 
differential equation is solved for phase interface coordinate. For the case under consideration the 
temperature profiles in the solid and liquid phase are represented as a polynomial dependence in 
conformity with recommendations [4]. 

As a result, the following equation systems were obtained for research on the processes of 
melting and solidification of working agent with and without convective fluxes in the liquid 
substance phase: 

1. For the case of working agent melting without a developed convection in the liquid phase of 
heat accumulator 
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amb amb amb
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REE cr j

j

dT
q T Т Т Т

d c
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2. For the case of working agent melting with a developed convection in the liquid phase of 
heat accumulator 
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3. For the case of working agent solidification without a developed convection in the liquid 
phase of heat accumulator 
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4. For the case of working agent solidification with a developed convection in the liquid phase 
of heat accumulator 

( ) ( ) ( )1amb amb
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j cr jj
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с T T T T

d
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τ
,                 (8) 
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In relations (1) – (10), ci, ρi, λi are heat capacity, density and thermal conductivity of the liquid and 
solid phase of working agent, where index 1 corresponds to the liquid phase, and index 2 – to the solid 
phase of working agent; τ  is time; qREE is the amount of heat released by REE element per unit time and 
falling at unit area of the end surface of a container with heat accumulator; αamb is coefficient of heat 
transfer to the environment, Tj  is the bulk temperature of device metal jacket (the heat spent on heating or 
cooling of REE element due to its small value as compared to the heat accumulated by working agent, is 
ignored or taken into account in total heat capacity of metal jacket; this assumption allows taking the 
value of Tamb as the temperature of REE element); Tamb is ambient temperature; r  is working agent 

melting heat; R  is working agent layer thickness; ξ  is phase interface; αj, αcr are coefficients of heat 

transfer from the jacket to liquid and from the phase interface to liquid; 1Т  is the average temperature of 

the liquid phase; 00  , ξτ  are the time and melt thickness whereby an intensive motion of convective 

currents starts, and temperature field in the liquid phase practically disappears; RT2 , 02RT  are 
temperatures at Rx =  at any moment of time τ and at τ = τ0, respectively, ξ0 is melt thickness at τ = τ0; τ0 

is time whereby a linear change in temperature RT2 with time starts to be observed; n  is parameter 
determined experimentally [4]; qTHERMOPILE is the amount of heat removed per unit time by thermopile and 
falling at unit area of the end surface of a container with heat accumulator. 

Thermopile calculation was done on the basis of a standard procedure with the use of 
application software package “Thermoelectric system calculation” (manufacturer – OJSC 
Kryotherm, Saint-Petersburg) [8]. From the analysis of qTHERMOPILE values equivalent to thermopile 
cooling capacity, the geometric dimensions of thermoelements contained in a thermopile, the value 
of supply current, and the electric power consumption were determined.  

Results of a numerical experiment with cooling system for REE elements working 
in the intermittent heat release mode 

Results of a numerical experiment with the developed model of cooling device are given 
in Figs.3 – 10. Here, we show the time dependences of jacket temperature variation upon 
melting of agent, as well as the time dependences of phase interface coordinate for different 
scattering powers of REE element (Fig. 3 – 4), different fillers (Fig. 6 – 7), and the duration of 
full melting of working agent versus heat release power of REE element (Fig. 8). Fig. 5 shows 
for comparison the temporal variation of jacket temperature with the use of melting agent and 
natural air heating. Similar data for cooling mode are given in Figs.11 – 16. 
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Fig. 3. Time dependence of jacket temperature upon melting of agent (paraffin) without liquid phase 

convection, (cρδ)j = 2⋅103 J/(m2⋅K) R = 0.03 m. 

 

Fig. 4. Time dependence of phase interface coordinate upon melting  
of agent (paraffin) without liquid phase convection, (cρδ)j = 2⋅103 J/(m2⋅K); R = 0.03 m. 

Calculations were made with the following input data: working agents – paraffin (ρ1 = 760 kg/m3, 
ρ2 = 780 kg/m3, с1 = 2680 J/kg⋅K, с2 = 2350 J/kg⋅K, λ = 0.27 W/m⋅K, r = 156⋅103 J/kg, Тcr = 316 K), elaidic 
acid (ρ1 = 850 kg/m3, ρ2 = 860 kg/m3, с1 = 2180 J/kg⋅K, с2 = 1550 J/kg⋅K, λ = 0.16 W/m⋅K, r = 214⋅103 J/kg, 
Тcr = 318 K), nickel nitrate (ρ1 = 1980 kg/m3, ρ2 = 2050 kg/m3, с1 = 2140 J/kg⋅К, с2 = 1800 J/kg⋅K, λ = 0.56 
W/m⋅K, r = 155⋅103 J/kg, Тcr = 329.7 K), Тamb = 293 K, αamb = 10 W/K⋅m2 

(except for cases when the value of αamb is indicated directly in captions to plots), ξ0 = 0.001 m; τ0 = 20 s, 
αj = 20 W/K⋅m2, αcr = 20 W/K⋅m2. 

The calculated dependences define that jacket temperature and the time of working agent melting 
vary with the value of thermal load on cooling device (qREE), the type of working agent, as well as the 
conditions of heat exchange with the environment. In the absence of convective fluxes in the liquid phase, 
the process of heat exchange is the nonsteady-state heat conduction, and the device jacket temperature is 
constantly increasing. The rate of its increase is a function of heat input (qREE), layer thickness and agent 
thermal conductivity.  

According to plots shown in Figs. 3 – 4, the increase in qREE value increases considerably the 
temperature of the jacket and REE element, as well as agent melting rate (for instance, after 1.5 hours of 
REE element operation, with a change in its scattering power from 2000 to 4000 W/m2, the jacket 
temperature rises from 320 to 372 K, and melting rate grows from 1.48⋅10-6

 m/s to 5.5⋅10-6
 m/s). 
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Fig. 5. Time dependence of jacket temperature upon melting of agent (paraffin) without  
liquid phase convection (cρδ)j = 2⋅103 J/(m2⋅K); R = 0.03 m, qREE = 2000 W/m2, 

1 – use of natural air cooling with αamb = 5 W/m2⋅K,  
2 – use of cooling system with working agent – nickel nitrate. 

 

Fig. 6. Time dependence of jacket temperature upon melting of various  
heat accumulators without liquid phase convection, (cρδ)j = 2.5⋅103 J/(m2⋅K), 

R = 0.03 m, qREE = 3500 W/m2. 1 – nickel nitrate, 2 – paraffin, 3 – elaidic acid. 

 

Fig. 7. Time dependence of phase interface coordinate upon melting of various  
heat accumulators without liquid phase convection, (cρδ)j = 2.5⋅103 J/(m2⋅K), 

 R = 0.03 m, qREE = 3500 W/m2.1 – nickel nitrate, 2 – paraffin, 3 – elaidic acid. 
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The rise in device jacket temperature is also related to increase in thermal resistance of 
working agent liquid phase, which grows with enlargement of melted layer. This proves the necessity 
of taking steps for reducing the layer of agent liquid phase between REE element and phase 
interface.  

Also, the temperature of REE element while in operation will be affected by selection of 
suitable working filler. Calculations were made for the case of using as such nickel nitrate, paraffin 
and elaidic acid (Figs. 6 – 7). 

According to research results, the best results for given conditions were obtained with the use 
of nickel nitrate as a filler. According to dependences shown in Fig. 6, for the case of using nickel 
nitrate as a working agent the temperature of device jacket is most stable, and melting rate is the 
lowest. First of all, it is due to its higher thermal conductivity which is almost twice that of paraffin 
and 3 fold that of elaidic acid. Thus, a reduction of temperature growth rate (i.e. its stabilization) can 
be achieved by increasing the effective thermal conductivity of agent. One of the methods for 
increasing the effective thermal conductivity of agent is the use of various fillers. Thus, for instance, 
one can use metal grit, various kinds of finning or porous structures.  

Fig. 8 shows the plots of full melting time of various fillers versus the dissipation power of 
REE element, which corresponds to its stable operation time. Here, the longest-running melting in 
the range of powers 1000 to 5000 W/m2 is inherent in nickel nitrate, which is accounted for by its 
higher temperature and heat of melting, as well as by the value of thermal conductivity coefficient.  

 
Fig. 8. Dependence of full melting time of various heat accumulators on heat release power  

of REE element per unit area without liquid phase convection, (cρδ)j = 2.5⋅103 J/(m2⋅K); 
R = 0.03 m.1 – paraffin, 2 – nickel nitrate, 3 – elaidic acid. 

The process of agent melting is essentially affected by the presence of convective fluxes in its 
liquid phase. This case corresponds to arrangement of element on the lower end surface of a 
container with working agent and heat input from below with respect to heat accumulator. According 
to Figs. 9 – 10, for paraffin the convective fluxes start to have a considerable impact in 19 – 20 
minutes after the start of melting process, which corresponds to melt thickness 0.009 – 0.01 m. From 
said moment for a developed convection in the agent liquid phase the process of melting is 
intensified. Consequently, the rate of travel of phase interface is increased, and temperature rise of 
cooling device jacket is retarded. As it follows from the plots in Fig. 9, in 1.5 hours after the 
beginning of melting process the temperature of device jacket with convection in the liquid phase of 
heat accumulator will be 12 K lower than without convective fluxes. At the same time, according to 
dependences represented in Fig. 10 the time of full melting of working agent with convection in the 



T.A.Ismailov, O.V.Yevdulov, D.V.Yevdulov 
Results of theoretical research on cooling system for radio electronic equipment elements… 

ISSN 1607-8829 Journal of Thermoelectricity №6, 2015   73

liquid phase is somewhat lower than without. Under the above circumstances the time of full melting 
of agent in the former case is 78 min, and the latter case – 90 min. Said fact should be taken into 
account in the design of heat removal system in terms of increasing the amount of heat accumulator 
in a container when arranging REE element on its lower end surface. 

 
Fig. 9. Time dependence of jacket temperature upon melting of agent (paraffin) 
 with (1) and without (2) liquid phase convection, (cρδ)j = 2⋅103 J/(m2⋅К) 

 R = 0.025 m, qREE = 4000 W/m2. 

 
Fig. 10. Time dependence of phase interface coordinate upon melting of agent (paraffin)  

with (1) and without (2) liquid phase convection, (cρδ)j = 2⋅103 J/(m2⋅K),  
R = 0.025 m, qREE = 4000 W/m2. 

Figs. 11 – 15 show dependences of jacket temperature from the side of a contact to thermopile 
and phase interface upon solidification of a filler for various values of thermopile cooling capacity, 
as well as for conditions when agent cooling and solidification is due to natural heat exchange with 
the environment. As can be seen from the plots, the time of cool down of working agent and device 
jacket with the use of a thermopile is several fold less than the time of their cool down with a natural 
heat exchange with the environment (for paraffin this ratio at qTHERMOPILE = 2000 W/m2 and 
αamb=10 W/(m2⋅K) made 2 times). Hence it follows that the use of a thermopile relieves the existing 
restrictions to operating cycle duration of REE element and the duration of pause between its 
actuations. Therefore, whereas in case of natural heat exchange between cooling device jacket and 
the environment the operating period of REE element must have been considerably less than the 
“pause”, with the use of a thermopile the time between two consecutive cycles of REE operation may 
be considerably reduced. In so doing, the quickest process of substance cooling and solidification 
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occurs with the use of paraffin and nickel nitrate as fillers (from Fig. 14 – 15, where studies were 
performed for paraffin, nickel nitrate, palmitinic and elaidic acides). The former is used due to the 
lowest temperature and melting heat, the latter – due to higher thermal conductivity coefficient.  

 
Fig. 12. Time dependence of phase interface coordinate upon solidification 

 of agent (paraffin) (cρδ)j = 6.5⋅103 J/(m2⋅K); R = 0.025 m. 

 

Fig. 13. Time dependence of phase interface coordinate upon solidification of agent (paraffin), 
(cρδ)j = 6.5⋅103 J/(m2⋅K); R = 0.025 m. 1 – with the use of thermopile with 2000 W/m2 

 2 – with the use of natural air cooling due to heat exchange with environment (αamb = 10 W/m2⋅K). 

 

Fig. 14. Time dependence of jacket temperature upon solidification of various fillers, 
 (cρδ)j = 2.1⋅103 J/(m2⋅K); R = 0.02 m, q THERMOPILE = 1500 W/m2. 

1 – paraffin, 2 – palmitinic acid, 3 – elaidic acid, 4 –nickel nitrate. 
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Fig. 15. Time dependence of phase interface coordinate upon solidification  
of various fillers, (cρδ)j = 2.1⋅103 J/(m2⋅K); R = 0.02 m, qTHERMOPILE = 1500 W/m2. 

1 – paraffin, 2 – palmitinic acid, 3 – elaidic acid, 4 – nickel nitrate. 

The duration of agent solidification process can be reduced considerably with the use of the 
additional heat removal from the lateral surface of a container with the agent. According to calculated data 
(Fig. 1b), the use of the additional heat pickup with qTHERMOPILE = 6000 W/m2 with the main 
qTHERMOPILE = 1500 W/m2 will allow reducing the time of full solidification, for instance, for paraffin to 
1200 s, nickel nitrate to 2000 s, palmitinic acid - to 2400 s. In so doing, in the case of the additional heat 
pickup from the lateral surface, when the values of thickness, length and width of sections with melting 
fillers are comparable, a direct calculation according to Eqs. (1) – (5), (6) – (10) is unacceptable. In this 
case, velocity addition principle is employed, which is stated, for instance, in [9]. 

 
Fig.16. The time of full solidification of working agent with the use 

 of the additional heat pickup from the lateral surface of a container 
 versus thermopile power per unit area, (cρδ)j = 2.5⋅103 J/(m2⋅K); R = 0.02 m. 

1 – paraffin, 2 – palmitinic acid, 3 – nickel nitrate. 

According to this method, at first by means of one-dimensional solutions the thickness of working 
agent layer and the temperature of jacket in the directions of x, y, z are determined on condition that melting 
or solidification rates are independent of each other. Then the duration of melting or solidification of the 
whole mass in a container is calculated based on relationship 

zyxп ττττ
1111

++=                                                              (11) 
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where пτ  is duration of agent melting or solidification in a container; zy  , , τττ x  are durations of 

melting or 
solidification in the direction of axes x, y, z in the absence of melting or solidification effect in the 
directions y, z; x, z and x, y, respectively. 

By the known value of пτ the temperature of device jacket is determined by means of one-
dimensional solutions. As long as the influence of container size on the temperature of its jacket is 
less than on the thickness of melted layer, the resulting value of jacket temperature for a one-
dimensional problem will allow estimating the limit temperature conditions of container jacket, 
hence, of cooled REE element. 

Conclusions 
As a result of investigations, the following conclusions can be made: 

1. One of the efficient methods for heat removal from REE elements working in the intermittent 
heat release mode is a method based on the use of melting working agents. The main 
disadvantage of this method is a restriction related to the necessity of assuring melting process 
during the entire operation period of REE.  

2. A cooling system for REE elements is proposed enabling one to expand the duration of their 
operation period due to the use of the additional heat removal from melting agents via a 
thermopile. 

3. A mathematical model of cooling system is developed, realized by solving Stephan’s problem 
with the use of Leybenzon’ approximate method, the principle of which lies in selection of such 
functions of  the liquid and solid phase temperature variation that would meet the initial and 
boundary conditions. The thus selected functions are substituted into phase matching condition, 
and the resulting differential equation is solved for phase interface coordinate. 

4. As a result of solving the problem of melting (solidification) of agent, the time dependences of 
temperature variation of cooling system jacket, as well as phase interface coordinates were 
obtained. Said dependences strongly depend on heat scattering of REE element, the types of 
working fillers, thermopile cooling capacity, and the environmental conditions.  

5. It was established that after 1.5 hours of REE element operation with a change in its scattering 
power 

6. from 1000 to 3000 W/m2  with the use of paraffin the jacket temperature is increased from 317 to 
367 K, and melting rate – from 10-6 m/s to 3.7⋅10-6 m/s. 

7. The temperature of REE element while in operation is affected by selection of suitable working 
filler. The best agents in this respect will be those which, all other conditions being equal 
(melting temperature, melting heat, heat capacity, etc), have high values of thermal conductivity 
coefficient. 

8. On of the methods for increasing the effective thermal conductivity coefficient can be the use in 
the working agent of various types of fillers (metal grit, various kinds of finning, porous 
structures). 

9. On arrangement of REE element on the lower end surface of a container with working agent, 
melting process will be considerably affected by the presence of convective fluxes in its liquid 
phase. Under these conditions the temperature of REE element will be lower, but on the other 
hand the time of full melting of working agent will be reduced, which must be taken into account 
in the design of cooling system. 
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10. As a result of investigation of heat exchange at solidification of working agents it was 
established that the use of a thermopile reduces considerably the time of working agent 
solidification. For paraffin at qTHERMOPILE = 2000 W/m2 its value is almost half as much as in the 
case of natural heat exchange with the environment at αamb = 10 W/(m2⋅K).  

11. For the intensification of the process of cooling and solidification of working agents it is 
worthwhile to realize heat pickup by the additional thermopiles arranged on the lateral surface of 
a container with working agent. 

12. In the case of the additional heat pickup from the lateral surface, when the values of thickness, 
length and width of sections with melting fillers are comparable, a direct calculation according to 
Eqs. (1) – (5), (6) – (10) is unacceptable. In this case, velocity addition principle in conformity 
with Eq. (11) is employed.  
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THERMOELECTRIC HEAT FLUX SENSORS 

Results of theoretical and experimental investigations of heat flux sensors based on the 
technology of thermoelectric micromodules are reported. Dependences of the main parameters 
of such sensors on the properties of thermoelectric materials and parameters of module design 
were investigated. On the basis of theoretical investigations a new method of self-calibrations of 
thermoelectric heat flux sensors using measurement of the module Figure-of-Merit Z and 
resistance ACR was developed. The technology of thermoelectric micromodules of the company 
RMT Ltd. allows designing miniature heat flux sensors with a wide range of performance 
parameters on demands of variety of applications. Advantages of thermoelectric heat flux 
sensors – high sensitivity, fast response, miniature design, variable performance parameters, 
scalability, and some others were confirmed.  
Keywords: thermoelectric, module, heat, flux, sensor. 

Introduction 
Heat fluxes accompany most of physical-chemical transformations that occur in nature, 

industrial processes, as a result of human activity. Measurement of heat fluxes and temperature 
allows us to control these processes. Heat fluxes are measured by heat flux sensors [1]. Measurement 
of heat fluxes is required in various areas: scientific investigations, agriculture, climatology, building 
construction, solar energy, industrial applications, housing and communal services, safety and 
security, etc. Heat flux and temperature sensors occupy a significant niche in the market of modern 
sensors. 

Units of heat flux and characteristics of sensors  
The heat flux Pe is measured in Watts per unit of area S perpendicular to its direction – W/m2. 

Or it is measured in units of total heat flux P – Watts. Heat flux sensors are also characterized by 
sensitivity to the heat flux, which is also measured in two types of corresponding units. 

The sensitivity Se to heat flux density is the ratio of the electric signal E to the heat flux density 
Pe. The units are μV/(W/m2). 

e
e

ES
P

= . 
(1)

The integral sensitivity Sa is the ratio of the electric signal to the total heat flux P incident on 
the sensor. The units are V/W.  

e
a

e

E SS
S P S

= =
×

. 
(2)

The concept of the integral sensitivity makes heat flux sensors similar to 
photodetectors. It is true, because the radiation is also an energy flux. Heat flux sensors are 
used to measure thermal radiation. 
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State-of-the-Art heat flux sensors 

The majority of the heat flux sensors are based on the method of "additional wall" [1]. The 
“additional wall” with a known thermal conductivity K is placed in the way of a heat flux P that is to 
be measured. The temperature gradient ΔT between the wall sides is proportional to the amount of the 
heat flux. The thermal resistance RT of the wall is the reciprocal value of the thermal conductance K: 

TT R PΔ = × . (3)

 
Fig.1 Schematic view of heat flux sensor of differential thermocouples. 

Most of state-of-the-art heat flux sensors are made on the basis of differential thermocouples 
(Fig. 1) [2]. They involve the Seebeck effect in metals. Absolute values of electromotive force (the 
Seebeck coefficient) of metals are low - tens of μV/°С maximum. Therefore, series connection of 
many thermocouples is used to increase the sensitivity (Fig. 1) [3, 4]. The density of the 
thermocouples can reach up to 1000 – 2000 thermocouples per square centimeter. This assures 
multiple (of the number N of thermocouples) thermopower increase.  

E N T= × α × Δ , (4)

where α – the Seebeck coefficient of each thermocouple. 

Thermoelectric heat flux sensors  
In recent years, the interest in the use of thermoelectric modules as heat flux sensors has grown 

[5, 6]. Thermoelectric modules are widely used for cooling (the Peltier effect) or generation of 
energy (the Peltier and Seebeck effects). In heat flux sensors the thermoelectric effect – the Seebeck 
effect is also used, which is the physical basis for the differential thermocouple sensors, too. The 
construction of thermoelectric modules is similar to that of an array of thermocouples. Only here a 
"couple" is a pair of semiconductor thermoelements with different conductivity (n- and p-types), and 
in a thermocouple it is a junction of dissimilar metals. The Seebeck effect in semiconductors is many 
times higher than in metals. For example, in a copper-constantan thermocouple the Seebeck 
coefficient of a couple is about 38 µV/°C. In a thermoelectric module for one p-n pair it is more than 
400 μV/°C. 

While thermoelectric modules have long been used as generators and coolers, this advantage 
for the sensors applications has not been realized for a long time. The key reason is a low degree of 
integration of thermoelements. For a long time it was at the level of 100 – 150 pellets per 1 cm2. 
With such a low elements density, thermoelectric modules used as heat flux sensors are inferior to 
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arrays of differential thermocouples [4]. However, the modern trend to miniaturization of 
thermoelectric modules (Fig. 2), mainly because of the needs of optoelectronics, where 
thermoelectric cooling is widely used, has led to significant progress in the construction of 
thermoelectric micromodules – extremely miniature design and dense packing. 

 
Fig. 2. Advances in miniaturization of thermoelectric modules - example  

of RMT micromodules technology development. 

Advanced thermoelectric micromodules are comparable with sensors based on differential 
thermocouples in dimensions and dense integration, which enables us to use them as heat flux 
sensors. Miniature and high-density packaged modules are manufactured by two technologies: thin 
film (new) and bulk (conventional) technology (Fig. 3). 

Each technology has its advantages and limits of use, but both provide the ability to produce 
miniature modules undreamed of quite recently (down to the level of 1 mm2 and less) and high 
density of their packing. 

 
Fig. 3 Comparison of designs of thermoelectric modules: thin-film and bulk. 

Parameters of thermoelectric heat flux sensors  

Integral sensitivity Sa 
The electrical signal E of the thermoelectric heat flux sensor is the following. 

2  E N a T= × × Δ , (5)
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where α – the average Seebeck coefficient for a p-n pair; 2N – the number of thermoelements. 
Where at given ΔT (3) the absolute sensitivity sensor Sa 

2  E N a T= × × Δ . (5)

In the ideal case (heat flows only through the thermoelements): 

1 1

2
T

T

R sK N k
h

= =
× ×

, 
(7)

where KT – thermal conductance of the sensor; k – the average thermal conductivity for 

thermoelement; s
h

 – ratio of cross-section (s) of the element to its height (h), which is the form 

factor (f) of a thermoelement. 
Thus, the sensor sensitivity 

1
aS

f k
α

= × . 
(8)

The thermoelectric heat flux sensor sensitivity is determined by the ratio of the Seebeck 
coefficient α to thermal conductivity k and is inversely proportional to the form factor f of the 
thermoelement (pellet). The important consequence of expression (8): the sensitivity does not depend 
on the number of the thermoelements in the sensor. The inverse proportionality to the 
thermoelement’s form factor works instead. The sensitivity can be increased by smaller cross-
sections of thermoelements at a relatively large height. 

Sensitivity Se 
The sensitivity Se to the density of heat flux is derived from the integral sensitivity Sa, if you 

multiply it by the area of the sensitive surface of the sensor S (2). 

Thermal Resistance RT 
The value of the thermal resistance of the thermoelectric heat flux sensor is crucial. On the one 

hand it is the thermal resistance that gives a temperature difference (3) which causes the signal. High 
thermal resistance means high sensitivity of the sensor. On the other hand the effect of the presence 
of the measuring sensor (the “additional wall”), i.e. its thermal resistance, should be preferably 
minimized. 

Time constant τ 
The expression of the time constant of thermoelectric microcoolers is applicable for such heat 

flux sensors, too: 

2
cС

f k N
τ =

× ×
 , 

(9)

where Cc – heat capacity of side of thermoelectric module or the sensor cover.  

Calibration method of thermoelectric heat flux sensors  
The sensor calibration is required to ensure the high accuracy for applications. The calibration 

allows getting the coefficient of the output signal proportionality to the heat flux. For the calibration 
two methods are known. 
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One method is to use an external heat flux reference source [7, 8]. This calibration is carried 
out with the use of special equipment and in the laboratory. It is available only in periodical 
maintenance of the sensor. So it is time-consuming, expensive and limited in application. 

Another method is to embed a reference heat source into the sensor [9, 10]. For example, it is a 
vacuum deposition of a resistive heater to one of the sensor side [10]. When electric power is applied 
to the embedded heater, it produces the heat of a known value. It results in a signal of the sensor. 
With this calibration method the sensor is called self-calibrating. It is possible to calibrate it at any 
time without external hardware. The downside is that the reference heat source should be integrated 
in the sensor. This complicates the design and production costs. 

Thermoelectric modules have long been widely used for cooling and power generation. In 
these applications a number of measurement parameters of the modules are used to determine their 
quality and performance properties. These parameters are: thermoelectric Figure-of-Merit Z, internal 
electrical resistance ACR and, less commonly, time constant τ. The use of these parameters to specify 
the basic properties of thermoelectric heat flux sensors is also attractive. 

The formula for the sensitivity (6) shows its dependence on the ratio a × RT. It is possible to 
express it by the parameters Z and ACR of a thermoelectric module. 

( )22 TN a R
Z

ACR
× ×

= . 
(10)

Thus 

( )2

1
2

TR Z ACR
N a

α × = ×
×

. 
(11)

Then equation (6) is finally converted to the following 
1
2aS Z ACR

a N
= ×

×
   . 

(12)

Formula (12) is a basis of the new method of calibrating of the thermoelectric heat flux 
sensors. The design of a thermoelectric module (the number of pellets is 2N) is known in advance. 
The Seebeck coefficient of thermoelectric material α used for manufacturing of sensors can be 
controlled. At a given area of the sensitive surface S, the number of the thermoelements in the 
sensors 2N and known Seebeck coefficient of the thermoelectric material α, it is easy to determine 
the sensitivity (Sa and Se) by equations (12) and (2) respectively, by measuring the thermoelectric 
Figure-of-Merit Z and the resistance ACR of the sensor. 

  
Sample 1 Sample 2 

Fig. 4. Comparison of calibrations by the method with external heat flux reference source (red) 
 and the proposed method (blue) in a range of ambient temperatures Ta. 



 G. Gromov, S. Glyazer, Y. Zakhartsev 
 Thermoelectric heat flux sensors 

ISSN 1607-8829 Journal of Thermoelectricity №6, 2015   83

The calibration by the new method is no more than 2% different from the results of the 
calibration with a reference source (Fig. 4). This is a good result for the practical use of the new 
method. It does not require applying reference thermal sources, does not need maintenance of sensors 
for the calibration procedure, and can be performed with any periodicity in a field. 

Optimal design of RMT heat flux sensors 
As seen from expressions (8), (2), the key parameters of thermoelectric heat flux sensors 

depend on the design features: 
- properties of thermoelectric material – α, k. 
- design parameters of thermoelectric module and its thermoelements – f. 
- sensitive surface area S. 
RMT technology allows producing miniature thermoelectric modules in wide ranges of 

dimensions, degree of miniaturization, thermoelements form-factors, etc. (Fig. 2). This makes it 
possible to develop both individual sensors and their series optimized for different applications. 
This practice is applied by the company in the design and manufacture of micromodules for 
cooling and generation. The approach is applicable to the heat flux sensors. 

Properties of thermoelectric material  
The properties of thermoelectric material are specified by its manufacturing technology. 

These parameters can hardly be varied significantly for the optimization of sensors. The only 
important thing is to select material with a maximum Seebeck coefficient α, typically at the 
level of the average values of 200 – 240 µV/K. 

Thermoelectric module design  
The design parameters of thermoelectric module can be controlled. RMT technologies 

allow producing modules of pellets in wide ranges of cross-sections and heights, packing 
densities and elements numbers (Fig. 2). 

Form factor of thermoelements 
The dependence of the sensitivity Sa of thermoelectric heat flux sensors on form factor 

(8) is shown in Fig. 5. The Table 1 shows the values of the form-factor of pellets of RMT 
thermoelectric modules. Respectively, in Fig. 5 the available range of sensitivities of heat flux 
sensors based on RMT modules is marked by color. 

 
Fig. 5. Dependence of thermoelectric heat flux sensor sensitivity 

 on the pellet form factor. 
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Table  

Value of form-factors of the thermoelectric pellets of RMT 

f, mm (at given cross-section axb) Height h, mm 
0.2 × 0.2 mm2 0.3 × 0.3 mm2 0.4 × 0.4 mm2 

0.3 0.133 - - 
0.4 0.100 0.225 - 
0.5 0.080 0.180 0.320 
0.8 - 0.113 0.200 
1.0 - - 0.160 
1.2 - - 0.133 
1.5 - - 0.107 

Height of thermoelements  
From expression (5) and determination of form-factor it follows that at a given value of 

thermoelement cross-section axb the sensor sensitivity will increase with the growth of the 
thermoelement height. However, with increasing the thermoelement height, the sensor time constant 
will also grow in conformity with (9). Therefore, obtaining the highly sensitive sensor together with 
high-speed performance is the optimization task for particular applications (Fig. 6). 

 

Fig. 6. Estimated dependences of the sensitivity Sa and the time constant τ of the sensor  
on thermoelements height h for their different widths: 0.2; 0.3 and 0.4 mm. 

The most fast and sensitive sensors have thermocouples with a minimum cross-section 0.2 mm. A 
high sensitivity is attainable for large elements cross-sections, but this reduces performance due to 
larger thermoelement height of such sensors. 

Sensor dimensions 

 
Fig. 7. Dependence of sensitivity of thermoelectric sensors Se on their linear size A. 
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The sensitivity to heat flux density Se depends on the heat absorption side area of the sensor 
(2). The thermoelectric module size is determined by the number of elements, their cross-section and 
density of packing. 

Experimental family of heat flux sensors 
Based on the above analysis the experimental family of heat flux sensors consisting of three 

subseries was developed in RMT.  
HTX heat flux and temperature sensors (HT – Heat flux & Temperature). The sensors contain 

thermoelectric heat flux sensor and embedded Pt1000 thermistor. They have a round shape, external 
aluminum sides with black finish. The sensors are potted by a silicone compound. 

HFX heat flux sensors without temperature (HF – Heat Flux). Their features are a square 
shape, external sides AlN ceramics with black paint finish. The sensors are potted by a silicone 
compound. 

HRX sensors IR radiative heat flux (HR – Heat flux Radiation). These are miniature 
thermoelectric heat flux sensors. They are made as SMD style components suitable for flip-chip 
mounting. They have a square shape, and external sides of AlN ceramics. The radiation absorption 
surface has a black finish with high emissivity. 

Comparison of heat flux sensors 
In Fig. 8 the sensitivity of the heat flux sensors of RMT experimental family is compared with 

the sensitivity of heat flux sensors of well-known manufacturers at the market. 

 

Fig. 8 Sensitivity Se of heat flux sensors of different producers (1 - 7)  
and experimental series of RMT (HT, HF, HR), depending on the sensor area.  

Dotted line – maximum available sensitivity of RMT technology. 

The sensors of the developed experimental series have significant advantages over heat 
flux sensors that are present at the market now: 

1) Sensitivity is significantly higher than that for the sensors based on differential 
thermocouples.  
2) Miniature design due to a high packing density of elements in thermoelectric micromodules.  
3) Variable thermal resistance due to the flexibility in the design of the micromodules. 
4) High-speed performance. 
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The conclusions 
1. Thermoelectric micromodules have three major areas of the market and applications 

perspectives: cooling, generation and heat flux sensors.  
2. The Seebeck effect in semiconductors is considerably higher than that in metals. This makes the 

use of thermoelectric micromodules heat flux sensors promising, able to compete with the 
differential thermocouple sensors. 

3. The sensitivity does not depend on the number of thermoelements. It is determined by the ratio 
of the Seebeck coefficient and thermal conductivity and is inversely proportional to the form 
factor of the thermoelement. 

4. The highly accurate self-calibration method of thermoelectric heat flux sensors by Z and ACR 
does not require the use of reference thermal sources or maintenance of sensors for the 
calibration procedure and can be performed with any periodicity. 
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confirm that the present publication does not violate the copyright of other persons or organizations. 
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